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Abstract

From August 19 to August 23, Rutgers University ran a summer school on symplectic geometry that
aimed to provide graduate students and advanced undergraduate students tutorials in various advanced
topics in symplectic geometry and introductions to recent developments. This year was focused on, but
was not restricted to, the foundational aspects, including the theory of global Kuranishi charts, integer-
valued curve-counting invariants, Hamiltonian dynamics, and contact topology.
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MINICOURSES

There were three minicourses, each three hours long:
1. Global Kuranishi Charts by Mohan Swaminathan (Stanford)
2. Introduction to Contact Homology by Erkao Bao (University of Minnesota)
3. Quantitative Symplectic Geometry by Mike Usher (University of Georgia)



1 Mohan Swaminathan: Global Kuranishi Charts

There were three lectures:

1. Day 1: Local Structure of Holomorphic Curve Moduli Spaces

We discuss how the implicit function theorem and gluing analysis give rise to 'local Kuranishi charts’ for
holomorphic curve moduli spaces. We also explain what it means for two or more such local Kuranishi
charts to be ’compatible’ on their overlap and briefly discuss how an atlas of Kuranishi charts allows
us to 'virtually count’ points in a compact moduli space of expected dimension 0.

2. Day 2: Global Kuranishi Charts: Definitions and Preliminaries

We introduce the notion of a ’global Kuranishi chart’ and explain how having one of these substantially
simplifies the previous discussion. We also explain what it means for two global Kuranishi charts to
be ’equivalent’, which is analogous to the notion of compatibility for local Kuranishi charts. For the
remainder, we discuss some geometric preliminaries necessary to understand the construction of global
Kuranishi charts for moduli spaces of closed holomorphic curves of genus 0.

3. Day 3: Global Kuranishi Charts: Construction

Following Abouzaid-McLean—Smith 2021, we explain the construction of global Kuranishi charts for
genus 0 Gromov—Witten moduli spaces and show that the outcome of the construction is unique up
to equivalence. Time permitting, we will also briefly discuss how one can extend this construction to
settings beyond genus 0 GW theory.

1.1 Local Structure of Holomorphic Curve Moduli Spaces
1.1.1 The Moduli Space of Stable Maps

Let (X2", w) be a closed symplectic manifold and J be an almost complex structure on X tamed by w,
meaning w(v, Jv) > 0 for all non-zero v € Ty, X. Let A € H2(X;Z) be a homology class. We are interested
in studying the space of J-holomorphic maps from genus-zero Riemann surfaces to X.

To obtain a compact space, one must consider not just maps from the smooth Riemann sphere CP!, but also
maps from nodal genus-zero curves. A nodal curve is formed by gluing several copies of CP' together at
pairs of points, forming a tree-like structure.

Definition 1.1. Let m = 0 be an integer. The moduli space of genus-zero, m-marked, J-holomorphic
stable maps in the class A, denoted Mo (X, A, J), is the set of equivalence classes of tuples (¥, 1, ..., Tm, u),
where:

1. ¥ is a nodal genus-zero curve (a tree of CP's).
2. x1,...,xm €% are distinct marked points located on the smooth part of X.
3. u:X — X is a J-holomorphic map such that us[X] = A.

4. The tuple is stable, meaning the group of automorphisms of (X, 21,...,Zm) that are compatible with
u s finite. This is equivalent to requiring that on any irreducible component of ¥ where u is constant,
there are at least three ”special points” (marked points or nodes).

Two such tuples (X, {z;},u) and (X', {z;},u’) are equivalent if there exists a biholomorphism ¢ : ¥ — X’
such that ¢(x;) = x} for all i and v = u' o ¢.

We present two basic properties of this moduli space:
Theorem 1.2 (Gromov Compactness). The moduli space Mo (X, A, J) is compact and Hausdorff.

Theorem 1.3 (Virtual Dimension). The moduli space Mo (X, A, J) has an virtual dimension given by

d=2n+c(TX) - A+m—3).



Now, we move on to discuss a motivating problem:

Problem 1.4. Can we define enumerative invariants by "counting” the number of points in Mo (X, A, J)
when its virtual dimension is zero?

The primary obstruction is that, for a generic J, Mg, (X, A4, J) is not a manifold of the expected dimension.
It is typically a more complicated object, an orbifold with singularities.

1.1.2 The Transverse Case
We now investigate the local structure of Mg ,,,(X, A, J) near a given point.

Problem 1.5. Given an element (3,21, ..., Tm,u) € Mo (X, A, J), what is the local structure of the moduli
space near this point?

The analysis proceeds in two cases, depending on whether the domain > is smooth or nodal.

Y is Smooth Here, "smooth” means ¥ =~ CP'. The local analysis is best framed in the language of
infinite-dimensional geometry. We define:

e The Banach manifold of maps B=C®(X,X)a ={v: X — X |vis C®,v[X] = A}.

e The infinite-rank Banach vector bundle & — B, whose fiber over v € B is &, = Q3 0*TX) =
Home (TE, v*TX).

e The section o of € over B given by v — v, where d,v = 3(v + J(v) o v o jx).

Note that the space of holomorphic maps is precisely the zero set of this section: 0~1(0) = Hol(%, X, A, J).
For a solution u € 0~1(0), the linearization of o at u is a well-defined operator

Dyo:T,B—&,.
More explicitly, identifying T, B with Q°(Z, u*T X), this map is
D(0)y : Q2 u*TX) — Q¥ (2, u*TX).

In local holomorphic coordinates z = s + it on X, the operator 0 is

- 1 [ ou ou .

For a variation & € Q0(3, u*TX), its derivative is

D@ =5 (5 + I + @D ) 86— i)

The term % +J (u)% is a first-order differential operator, while (65J)(u)% is a zeroth-order term. For
notational convenience, let D,, := D(0s),. This operator is Fredholm, and by the Riemann-Roch theorem,
its index is

ind(D,,) = dim(ker D,,) — dim(coker D,,) = 2(n + ¢1 (T X) - A).

The implicit function theorem for Banach manifolds states that if D, is surjective, then near (%, {z;}, u),
the moduli space My, (X, A, J) is an orbifold of the expected dimension. In this case, we conclude that

Hol(CP', X, A, J) x ((CP")™\A)
PSL,(C) ’

Mom (X, A, J) =

where A = {(z1,...,2) | ©; = z; for some i # j}.



Y is Nodal Here, X is a tree of (C]P’ls.~L6t ¥ be the normalization of X, which is a disjoint union of spheres.
The map w : ¥ — X lifts to a map @ : 3 — X. The linearized operator D,, acts on the subspace of sections
in Q°(X, a*TX) that satisfy gluing conditions at the nodes, i.e., sections in Q°(3, u*TX).

Exercise 1.6. Check that ind(D,) = 2(n + c1(TX) - A).
Theorem 1.7 (Gluing Theorem). If D,, is surjective, then Mo (X, A, J) has a local chart near (2,1, . .., Ty, u)

of the form V /T, where V is a vector space of the expected dimension and T is a finite group acting linearly
onV.

1.1.3 Local Kuranishi Charts

Let B be a Banach manifold, £ — B a Banach vector bundle, and ¢ a smooth section whose linearizations
are Fredholm operators. The object of study is the zero set of this section, M = (0)~(0) < B.

Consider an element u € M. In the case where the linearized operator (D0),, is surjective, the implicit
function theorem for Banach spaces ensures that M is a smooth manifold in a neighborhood of u. The
tangent space at this point is given by T, M = ker(D?),,. In this case, we are done.

So let’s assume that the linearization D, : T,,B — &, is not surjective. The standard approach, known as
the Kuranishi method, is to augment the problem. We choose a finite-dimensional vector space E and a
linear map A : E — &, such that the image of X is a complement to the image of D, yielding a surjective
operator D, ® A : T,B@® FE — &,. We then choose a neighborhood & = B of u and extend A to a smooth
map A : U x E — Ey.

This allows us to define a perturbed moduli space,
My.px={(v,e)elU x E| v+ A(v,e) =0}.

The original moduli space, intersected with U, embeds into this larger space: M N U — My, E- There is
a natural projection map s: My g — E.

The linearization of the perturbed system at the point (u,0) € My g, is given by the map from T,B® E
to &, defined by
(€ e) = Du& + Au,e).

By construction, this operator is surjective. This ensures that My g » is a finite-dimensional manifold near
(u,0). This motivates the following definition:

Definition 1.8. Suppose M is a compact Hausdorff space. A local Kuranishi chart of virtual dimen-
ston d for M is a quintuple (M, Eq,Tq, Sa, o) where:

e M, is a finite-dimensional topological manifold.

o FE, is a finite-dimensional vector space such that dim M, = d + dim F, .
e ', is a finite group which acts on M, and E,,.

e 5o : My — E, is a I'y-equivariant function.

e o :55(0)/To > Uy € M is a homeomorphism onto an open subset.

The upshot is that the entire moduli space Mg (X, A,J) can be covered by a finite atlas of such local
Kuranishi charts. A local Kuranishi chart induces a local virtual fundamental class on U, through the
composition of maps:

rar¥a
—_—

HA(s3(0);Q)"

T2 Haim £ (May Ma\s3H(0); Q)7

AY(U.; Q)

Ei.)i) Hdim Eq (EOH Ea\{0}7 (@)FO‘

orientation Q
e

~



where Pardon is the map found in [Pardon, 2016, Appendix A].
Definition 1.9. The local virtual fundamental class is the map

[valist  HE (Uai Q) — Q
defined by the composition above.

Example 1.10. Consider a chart where M, = C, E, = C, T, = {1}, and the section is given by s,(z) = 2".
The local contribution to the virtual count of points is n, so

[valisear = nlpt]-

1.2 Global Kuranishi Charts: Definitions and Preliminaries
1.2.1 Global Kuranishi Charts and Equivalence

Definition 1.11. Let M be a compact Hausdorff space. A global Kuranishi chart of virtual dimension
d for M consists of a tuple (G, T,E,s), where:

e T is a finite-dimensional topological manifold, called the thickening.
e & — T is a finite-rank vector bundle, called the obstruction bundle.
e s: T — & is a section, called the obstruction section.

e G is a compact Lie group, the symmetry group, which acts on the bundle € — T such that the action
on T has finite stabilizers.

e The dimensions satisfy the relation dimT = d + rank& + dim G.
e A homeomorphism s~1(0)/G —> M, called the footprint map.

The allowance of a infinite Lie group G is very important. It turns out that allowing only finite groups is
not flexible enough. For example, if we take CP' and consider a disk D at the origin with a Z/2 action, we
need an infinite group G. On the other hand, the current condition is sufficient: every orbifold is a global
quotient M /G for some manifold M and Lie group G.

A global Kuranishi chart, equipped with compatible orientations on the manifold 7', the bundle £, and the
Lie algebra g = Lie(G), induces a virtual fundamental class for M. This class is constructed via the following
sequence of maps in equivariant (co)homology:

H*(M; Q) =222 HE (T, T\~ (0):Q)
= HG e (€,6\0¢;Q)
S () = Q
where the first map is an isomorphism and the final map is induced by the equivariant Thom class of £.
Problem 1.12. When are two global Kuranishi charts to be considered equivalent?
The appropriate notion of equivalence is one that preserves the induced virtual fundamental class.

Proposition 1.13. Two global Kuranishi charts are equivalent if one can be obtained from the other
through a finite sequence of the following operations:

1. Germ equivalence: Replace (T,E,s) with its restriction to a G-invariant open neighborhood U of
s71(0) in T, yielding the chart (G,U, &y, slu)-

2. Group enlargement: Given another compact Lie group H and a G-equivariant principal H-bundle
p: P — T, form the new chart (G x H, P,p*&,p*s).

3. Stabilization: Given a G-equivariant vector bundle m: W — T, form the new chart (G, W,n*(€ @
W), m*s @ Ayy), where Ayy is the diagonal section.

These operations should be thought of as analogous to the Reidemeister moves in knot theory.



1.2.2 Complex Geometry Background

The construction of global charts relies on several basic results from complex geometry. On CP", the
tautological line bundle is denoted O(—1) < CP" x C"*!, and its dual is the hyperplane bundle O(1). We
define O(k) := O(1)®*.

Holomorphic Line Bundles on Curves (Riemann Surfaces)

Lemma 1.14. Suppose X is a Riemann surface, L — ¥ is a C® complex line bundle, and V is a C-linear

connection on it. Then the operator V! defines a unique holomorphic structure on L.

Proof. Given p € ¥, choose a C* section 7 of L defined near p such that 7(p) # 0. Then, V%!(7) = g® 7
where g € Q%!(X). The 0-Poincaré lemma guarantees the existence of a local C®-function f such that
g = 0f. We define a new section ¢ = e~f7. A direct calculation shows that ¢ is annihilated by V%!

Vole = VOl (e /) = e /VOr 4 (Pe @7

—e(gor) - fe (@) T

= e_f(g®7'—g®7) =0.
Thus, o is a local holomorphic section, defining the holomorphic structure. O
Lemma 1.15. Suppose ¥ is a nodal genus-zero curve. The isomorphism class of a holomorphic line bundle
L on ¥ is determined by the degree of L on each irreducible component of 3.
Corollary 1.16. Consider L — X% as above. If L has total degree d and has degree = 0 on each component,
then dimec H°(3; L) = d + 1 and dimec H'(2; L) = 0.
Genus-Zero Curves in CP" A holomorphic map into projective space can be specified either geometri-
cally or algebraically.

1. A holomorphic map f : X — CP".

2. A holomorphic line bundle £ — X with holomorphic sections sg, ..., s, that have no common zero in
X.

The correspondence between these two perspectives is given by:
f
(X 5 CPlyeia,)) = (fFOQ), fr2o, .., fH2)
[so:isn] n
(L, 80,--.,8n) — (X ——— CP").

One important example where transversality holds without perturbation is the moduli space of maps into
projective space.

Lemma 1.17. For n,d > 1 and m > 0, the space Mg, (CP",d) is a complex orbifold of the expected

dimension.

Proof. Let f : ¥ — CP" be a genus-zero nodal stable map. Transversality holds if the linearized operator Dy
is surjective, which is equivalent to the vanishing of its cokernel, coker Dy = H'(X; f*TCP"). The tangent
bundle of CP" fits into the Euler exact sequence:

0— 00— 01"+ _ TCP" — 0.
Pulling back this sequence by f and taking the long exact sequence in cohomology yields the segment
C HY(S; f20(1)°0H) — HY(S; f*TCP") — H(350) — -

Since X is a genus-zero curve, H?(X;0) = 0. The line bundle f*O(1) has degree d > 1 and non-
negative degree on each component, so by the previous corollary, H*(3; f*O(1)) = 0. It follows that
HY(Z; f*TCP™) = 0, establishing surjectivity. O



1.3 Global Kuranishi Charts: Construction
1.3.1 The AMS Trick

Let (X?",w) be a closed symplectic manifold, A € Hy(X;Z) a homology class, and J an w-tame almost
complex structure on X. These data define the moduli space Mo (X, A, J), which consists of equivalence
classes of J-holomorphic maps u : ¥ — X from nodal genus-zero curves ¥ such that u.[X] = A. The main
result is the following.

Theorem 1.18 (Abouzaid, McLean, Smith, 2021). The moduli space Mo(X, A, J) admits a global Kuranishi
chart. Although the construction involves choices, the resulting chart is unique up to equivalence.

A key ingredient in the construction is the moduli space of non-degenerate maps into projective space.

Proposition 1.19. The space
MS((CW, d) = {f ;2 — CP? | f is a degree d genus-0 stable map and f is non—degenemte}
is a smooth quasi-projective variety of the expected dimension. A map f is non-degenerate if its image is not
contained in any hyperplane of CP.
Example 1.20. The rational normal curve provides a canonical example of a non-degenerate map:

CP! — CP?

[u:v] — [ud:udto: 0l

Associated with this moduli space is a universal family, described by the diagram below, where C is the
universal curve.

Cc— CP?
Mg (CP, d)
The space C is also a smooth, quasi-projective variety.

Recall that a map to projective space Z — CP™ is induced by a line bundle £ — Z and a choice of global
sections S, ..., s, € H%(Z; £) with no common zeros.

Definition 1.21. A line bundle L is very ample if there exist sections so, ..., s, € H°(Z; L) that define
an embedding Z — CP".

Definition 1.22. A line bundle L is ample if there exists an integer m = 1 such that LO™ is very ample.

Proposition 1.23. If Z is a nodal curve, a line bundle £ on Z is ample if and only if deg(L|c) > 0 for
every irreducible component C' < Z.

We now state the main technical lemma.

Lemma 1.24 (AMS Trick). Suppose Z is a compact complex manifold, L — Z is an ample line bundle, and
E — Z is a holomorphic vector bundle. Endow these bundles with Hermitian metrics. For k > 1, define the
finite-dimensional space of sections

Wy = Im (HO(Z; £ ® L) @c HO(Z; £oF) <2 90<Z,s>) :

As k — oo, the spaces Wy, provide an L?-dense subspace of Q°(Z,E). That is, for any & € Q°(Z,E), there
exists ko such that for all k = ko, there is an n € Wy, with ({,nyr2 # 0.

10



1.3.2 Construction

Line Bundles on X First, approximate the symplectic form w by another symplectic form € which also
tames J and satisfies [2] € H%(X;Q). By clearing denominators, we may assume [Q] € H?(X;Z)/torsion.
This condition implies the existence of a C* complex line bundle L — X with first Chern class ¢ (Lg) = [©].

From Chern-WEeil theory, we have the following lemma;:

Lemma 1.25. There exists a Hermitian metric and a compatible Hermitian connection V on Lq such that
its curvature form is —2miS).

Let us fix the notation d := [Q] - A.

Framed Genus-Zero Curves Consider a J-holomorphic stable map u : ¥ — X. The pullback bundle
u*Lg — ¥ is endowed with a holomorphic structure induced by the operator (u*V)%!. Since 2 tames J,
the integral SC u*Q = 0 for every component C < ¥, and this integral is strictly positive for any unstable
component. Consequently, the line bundle u* L has non-negative degree on each component of ¥ and
positive degree on each unstable component. From the results of the previous section, it follows that

dimc H*(Z;u*Lo) =d+1 and H'Y(Z;u*Lg) = 0.

A framing is a choice of basis F' = (fo, ..., fq) for H%(3;u*Lg). Such a choice induces a degree-d, genus-zero

stable map
Sp=[fo: - fa] : ¥ — CP%

If this map is non-degenerate, then (X, @) is a point in M; (CP?,d), and the curve ¥ can be identified with
a fiber of the universal curve via an embedding ir. The following diagram illustrates this relationship:

¥ i C Cp?

l !

(3,0p) € My(CP?,d)

Associated to a framed curve is the matrix
H(X,u, F):= (f <f¢,fj>u*LQu*Q> ,
D) 0<i,j<d
which is a Hermitian positive-definite (d + 1) x (d + 1) matrix.
Definition 1.26. A framed genus-zero curve in X is a tuple (X, u, F) where
1. ¥ is a nodal genus-zero curve.

2. u:¥ — X is a C*® map in the class A such that SC u*Q = 0 on each component C < 3 and SC u*Q >0
on each unstable component.

3. F = (fo,...,fa) is a basis of H*(X;u*Lq) such that the matriz H(X,u, F) is positive-definite.

Two framed curves (X, u, F) and (X', u', F') are equivalent if there exists a biholomorphism ¢ : 3 — X' such
that u = u' o w. The diagram describing this equivalence is as follows:

11



Achieving Transversality To achieve transversality in the construction, we make the following choices:

1. A relatively ample line bundle £ on C — M; (CP?, d) equipped with a U(d + 1)-invariant Hermitian
metric.

2. A U(d + 1)-invariant C-linear connection on T#%1C.
3. A C-linear connection on TX (viewed as a complex vector bundle via .J).
4. A sufficiently large integer k£ > 1.

For more details, see [Horschi, Swaminathan, 2021, Section 2.1]. With this data, the components of the
global Kuranishi chart are defined as follows.

Proposition 1.27. The thickening T is the space of tuples (X, u, F,n), where
1. (X,u, F) is a framed genus-zero curve in X.
2. n is an element of the finite-dimensional space
HO(Z;u*TX @i%5(T*'C ® LO*)) @c HO(X; 1% LOF)

satisfying the perturbed equation B
dyu+(nyoip =0.

Proposition 1.28. The obstruction bundle &€ — T is a vector bundle whose fiber over (X, u, F,n) is

Esur) ®Hata,

where Hqy 1 is the space of (d + 1) x (d + 1) Hermitian matrices and E(s,, ) s another finite-dimensional
space of sections constructed via the AMS trick.

Proposition 1.29. The obstruction section s: T — & is given by
8(27 u? F’ T]) = (77’ log H(E’ u7 F))'
Proposition 1.30. The symmetry group is G = U(d + 1), which acts on the space of framings.

The key point of the construction is that for k » 1, the AMS trick ensures that the defining equation for the
thickening T is transverse.
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2 Erkao Bao: Introduction to Contact Homology

There were three lectures:
1. Day 1: Moduli Spaces of J-holomorphic Curves and Compactness

In this lecture, we begin with an introduction to basic contact geometry. We then introduce J-
holomorphic curves as the gradient of the action functional. The focus will be on the moduli space
of J-holomorphic curves, with a discussion on compactness. We will provide heuristic definitions of
cylindrical contact homology and full contact homology.

2. Day 2: Cylindrical Contact Homology in Dimension Three via Obstruction Bundle Gluing

This lecture addresses the transversality issues associated with the moduli space of J-holomorphic
curves. We specifically focus on cylindrical contact homology in the 3-dimensional case. The lecture
will cover the resolution of transversality issues using obstruction bundle gluing techniques.

3. Day 3: Semi-Global Kuranishi Structure and Full Contact Homology

In this lecture, we introduce the semi-global Kuranishi structure. We explore its application in relation
to obstruction bundle gluing, including computations of simple examples. The discussion will culminate
in the rigorous definition of full contact homology, facilitated by the semi-global Kuranishi structure.

2.1 Moduli Spaces of J-Holomorphic Curves and Compactness
2.1.1 Introduction

Definition 2.1. Let M be a manifold of dimension 2n + 1, and let £ be a hyperplane distribution on M,
i.e., a subbundle of the tangent bundle TM of rank 2n. We say & is a contact structure if there exists a
1-form o on M, called the contact form, such that

o £ =kera.
o a A (do)™ #0.

The second condition is equivalent to the statement that da is a symplectic form on each fiber of the bundle
&. Together, these two conditions imply that the distribution £ is non-integrable, which is the defining
property of a contact structure.

Example 2.2. Consider the standard contact structure on R?"*1, defined by the contact form agq = dz —
> yidxz;. The corresponding contact planes Egq = ker agq at a point (z,y, z) € R*™¥1 are given by the
equation dz = Y,y;dx;. When n = 1, at the origin, the contact form is dz — ydx, and the contact plane is
given by dz = 0, a simple 2-plane in R3.

The non-integrability of contact structures distinguishes them from their symplectic counterparts. However,
locally, they all share the same canonical form, as shown by the Darboux Theorem.

Theorem 2.3 (Darboux Theorem). All contact structures on a (2n + 1)-dimensional manifold are locally
isomorphic to the standard contact structure.

This result implies that the local geometry of contact manifolds is trivial. Thus, the interesting invariants
of contact structures must be of a global nature. This is the idea behind the Gray Stability Theorem:

Theorem 2.4 (Gray Stability Theorem). Consider a one-parameter family of contact structures {&}o<i<1 on
a closed manifold M. There exists a one-parameter family of diffeomorphisms ¢t of M such that (¢%)+& = &o
for all t, with ¢g = id.

2.1.2 Contact Homology

Contact homologies are a class of invariants used to distinguish non-isotopic contact structures. They are
constructed using geometric data related to the dynamics on the contact manifold. Before we define them,
we consider some applications of these invariants.
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e [Ustilovsky, 1999]: For S4m*+1 there exist infinitely many non-isotopic contact structures within each
homotopy class of almost contact structures (£, J, € — £, J? = —id) where ¢ is a hyperplane.

e [Bourgeois, 2004]: Similarly, 7% and T? x S3 admit infinitely many non-isotopic contact structures in
some homotopy class of almost contact structures.

e [Giroux, 1994; Eliashberg, Hofer, Givental, 2000]: On the 3-torus T3, the contact forms a,, = cos(27nz) dr+
sin(27mnz) dy define contact structures &, = ker o, that are pairwise non-isomorphic for different inte-
gers n.

One of the main objects in contact geometry is the Reeb vector field.

Definition 2.5. Given a contact form «a, the unique vector field R, satisfying

e a(R,) =1.
e da(R,, ) =0.

is called the Reeb vector field. The first condition implies that R, is positively transverse to the contact
planes &, while the second means that the flow of R, preserves the contact planes.

Definition 2.6. A periodic orbit of the Reeb vector field R, is called a Reeb orbit.

The existence of Reeb orbits is a basic question in contact geometry, formalized by the Weinstein Conjecture.

Conjecture 2.7 (Weinstein Conjecture). If a manifold M of dimension 2n+1 is closed, then for any contact
form a, there exists at least one Reeb orbit.

Theorem 2.8 (Taubes, 2007). The Weinstein conjecture holds for n = 1.

To construct a chain complex from Reeb orbits, we need to define a grading. This is achieved through the
Conley-Zehnder index.

Definition 2.9. Let v be a Reeb orbit with period T, and let @ be the time-t flow of Ry. We say that v is
non-degenerate if the linearized return map dp? : &v(0) = &y(r) does not have 1 as an eigenvalue.

Definition 2.10. By symplectically trivializing the contact planes along a Reeb orbit vy, we obtain a path of
symplectic matrices given by dot. The Conley-Zehnder index i ,(7y) is an integer invariant defined for
such a path.

The general definition is complicated so we will only present simple examples:

Example 2.11. In the case of a 3-dimensional manifold (n = 1), we can classify the Conley-Zehnder index
based on the eigenvalues of the linearized return map.

o A positive hyperbolic orbit has eigenvalues that are positive real numbers. If the linearized flow dp'(v)
for an eigenvector v winds around the origin k times, the Conley-Zehnder index is ., = 2k.

o A negative hyperbolic orbit has negative real eigenvalues. If dpt(v) winds around the origin k:—!—% times,
the index is pe,(y) = 2k + 1.

o An elliptic orbit has non-real eigenvalues. If dpt(w) for a vector w in the contact plane winds between
k and k + 1 times, the index is pc.(y) = 2k + 1.

Consider the actional functional A : C®(st, M) — R,y — Ssl ~v*(a) with Reeb orbits crit A, with a complex
structure J : € acting on itself with T2 = —id and (u,v) = da(u, Tv) for any u,v € £&. Then (-, - defines an
inner product which implies

o da(u,v) = da(Ju, Jv)
e da(u,Ju) > 0 for any u # 0 € &.

Take n1,n2 € T,C* (S, M) with

(i, ey = Ll<771, N2y + a(m)a(n) dt.
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Take u : R — C®(S', M) with s € R and t € C*(S*, M) with dimu(s) are Reeb orbits as s — +00. Then

Z—Z = —grad A

with u : R x S' — M. This gives
d(u*a - j) = Omeus + Jmeug = 0
where j is a complex structure on R x S?.

Let’s require u*da - j = da where a : R x S* - R. Let @ = (a,u) : R x S1 — R x M. Now, we extend J:
T(R x M) =R(0a) BR(R,) ® ¢ where a € R, and extend J : R(d,) — R(R,). @ is J-holomorphic, i.e.

Fii — %(da + J(@)dii-j) = 0
or

s + J(u)tiy =0

Next time, we will study the compactification of moduli spaces of J-holomorphic cylinders.

2.2 Cylindrical Contact Homology in Dimension Three via Obstruction Bundle
Gluing

2.2.1 Compactification

Let ./\;l(mr, v_) denote the set of J-holomorphic curves from R x S to R x M that are asymptotic to the Reeb
orbits v; and y_. We are interested in the moduli space M = M /R, where the action is by translation along
the R factor. The compactness of these moduli spaces is crucial for counting them to define the boundary
map in the chain complex. However, sequences of J-holomorphic cylinders can degenerate, or ”break,” into
unions of simpler curves. This phenomenon is illustrated in the diagram below, showing a cylinder breaking
into multiple components:

e

[

~\
~)

Rx M Y™ [

[

o8
5hy

4 < ~ E
~ 7 =&

The leftmost figure represents a single J-holomorphic cylinder. The other figures represent a sequence of
such cylinders converging to a ”broken” curve, which consists of a concatenation of cylinders and spheres.
The rightmost image depicts a single cylinder broken into multiple cylinders and spheres, with the bottom
components mapping to R”.

J\

The notion of Hofer energy provides a quantitative measure for the asymptotic behavior of these curves.
Definition 2.12. Let (F),j) be a Riemann surface with a finite set of punctures F = F\{p1,...,px}, and let
u: (F,j) — (R x M,J) be a J-holomorphic curve. The Hofer energy of u is defined as

E(u) = sup f u*d(¢p, o),

¢eC JF

where
lim ¢(s) =1,
S§——00

C=<¢:R—[1,2] SETOQQS(S):Q’
#(s)=0 VseR
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Proposition 2.13. The Hofer energy can be expressed in terms of the action of the asymptotic Reeb orbits:

ki k_
E(u) =2 Z A(%r,i) - Z A(W—,i)
= 0. ) )

The Hofer energy is finite if and only if the curve is well-behaved at its punctures.
Theorem 2.14. If u : (F,]) — R x M is a J-holomorphic curve, the following are equivalent:
o F(u) < .

e For any puncture p of F, either p is removable, or u converges to some Reeb orbit as the domain
approaches p.

2.2.2 Grading

To define a chain complex, we need a grading for the generators (Reeb orbits) and a well-defined boundary
operator.

Assume Hy(M;Z) is torsion-free. If Hy(M) = 0, then for each Reeb orbit «, we can fix a capping surface
F, c M with 0F, = ~. If H1(M;Z) # 0, we choose a basis {¢;} for H;(M) and fix trivializations of £ over
these cycles. For any Reeb orbit 7, we choose a surface F,, such that [0F,] = [y] — > ni[e;] in Hi(M). A
trivialization of &|, that extends over F, and is compatible with the trivializations over the ¢; allows for a
well-defined Conley-Zehnder index pez(7).

A J-holomorphic cylinder u € M(v4,v-) together with capping disks F.,, and F),_ defines a closed surface
whose image under u represents a homology class A € Ho(M).

F

T+

T+

Y-

Assuming there are no contractible Reeb orbits, we define a chain complex (Cy, ). The chain group Cj is
the free Q[Hz(M)]-module generated by ”good” Reeb orbits. The grading of a generator v is defined as
|v] = pez(y) + n — 3. The boundary operator is defined by

1
a = Ml y /= eAi —
Ve 7_ZA# L (Y4 7-) )

where MY (74, ~-) is the moduli space of index 1 curves in the class 4, m(y_) is the multiplicity of y_, and
et is the formal variable corresponding to A € Ha(M). The index is such that |v;| — |[y—| — |A| = 1, where
Al = —2¢1(§)[A]-

Definition 2.15. A Reeb orbit  is bad if it is a multiple cover of an embedded orbit ' and pcz(v)—pcz(y')
is odd. We exclude bad orbits from our set of generators.

Example 2.16. In dimension 3, an orbit v is bad if and only if it is an even multiple cover of a negative
hyperbolic orbit.

If contractible Reeb orbits exist, the differential becomes more complex, counting configurations of curves
with multiple outputs. This leads to the richer structure of (Rational) Symplectic Field Theory (SFT). The
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differential can take the form:

vy = D H#MO )+ Y, #MO Y2y F
v

Y-1,Y-2
where the terms correspond to cylinders, pairs of pants, and other punctured Riemann surfaces.

Example 2.17. In dimension three, if v is a hyperbolic orbit, its Conley—Zehnder index is given by the
formula

prez(7, k) = kppea (),

where k is the covering number.

Let u be a J-holomorphic curve. Its Fredholm index is defined as ind(u) = u(v4) — u(y) — |Al, where p is the
Conley—Zehnder index of the Reeb orbit and |A| is the area of the curve. If w is a k-fold cover of a simple
curve u' and there are no elliptic orbits, then the Fredholm index scales linearly with the covering number:
ind(u) = k - ind(u).

If the index of the simple curve u' is greater than or equal to one and the curve intersects the index one
manifold transversely, then ind(u) = k. From the definition of the boundary operator, an index of one for u
implies that the covering number k must also be one.

We can always eliminate elliptic orbits up to any action.

&9

elliptic hyperbolic

The two illustrated contact manifolds have the same contact structure but are endowed with different contact
forms.

2.3 Semi-Global Kuranishi Structure and Full Contact Homology
2.3.1 Introduction

When the moduli spaces of J-holomorphic curves are not regular (i.e., not smooth manifolds of the expected
dimension), one cannot simply count their points to define homological invariants. The theory of Kuranishi
structures provides a way to deal with such situations by constructing a virtual fundamental class for these
moduli spaces.

Consider an exact symplectic cobordism (W, da) with boundary W = W, u W_, where alw, is a contact

form on W,. Let J be a compatible almost complex structure on the completion w. Counting index-0
J-holomorphic cylinders in W defines a chain map:

P : C*(W+,Oé+,J+) - C*(W_,Oé_, J_)

Given a l-parameter family of such data (Wi, day, J;), one expects the induced maps &y and ®; to be
chain homotopic. Proving this requires analyzing the 1-dimensional moduli space of parameter-dependent
solutions, which is given by

M(’Y-&-v'y_) = |_| {t} X Mﬁd:0(7+77—)'

te[0,1]
We aim to show the existence of a chain homotopy operator K : Cy (W4, oy, Jy) = Cu1(W_,a_, J_) such

that &y — ®; = K0+ 0K. This requires counting curves in a 1-dimensional moduli space whose boundaries
correspond to broken configurations, as depicted in the figure below:
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For the right-most cylinder shown in the figure, we can attach a configuration ¢ to the top half and a
configuration from a moduli space M to the bottom half. For each such U/, we have a map S! : O —
[R,0) x M. A vector space is attached to the domain O, defined by ker D¥/R(Y), where Y comes from
the variation of the almost complex structure. The set S71(0) is then the set of curves in M that can be
successfully glued with U.

2.3.2 Semi-Global Kuranishi Structure

The concept is best introduced by analogy with the finite-dimensional case of Morse homology. Let (X, f, g)
be a closed manifold with a Morse function and a Riemannian metric. The moduli space of gradient flow
lines between critical points p,q is M(p,q) = (A, N D,)/R, where A, is the ascending manifold of ¢ and
D, is the descending manifold of p. When this intersection is not transverse, M(p, ¢) is not a manifold. An
interior semi-global Kuranishi chart provides a local model for this space as the zero set of a section of a
vector bundle.

Definition 2.18. An interior semi-global Kuranishi chart for a space M is a quadruple (K, my : E —
V, L, ) where:

1. K c M is a compact subset.

2. wy : E — V is a finite-rank vector bundle over a finite-dimensional manifold V.
3. L:V — E is a smooth section.

4. : L7H0) — M is a homeomorphism onto an open neighborhood of K.

5. The virtual dimension is given by dimV — rank E = vir dim M.

We order the moduli space My, Mas, ... such that the energy increases. Let

M; = M(pi, 4:), E(M;) = f(pi) — f(a)

and suppose we have an index tuple I = (i1, ...,i,) such that p; , = ¢;,.,,. Suppose S < I is a subindex
tuple. Then I/S is the index tuple obtained by replacing S by an integer which is the index of M(ps,,gs,)
if S = (s1,...,8k), and Sclisa disjoint union of subindex tuples. We say I < J if there exists S < J such
that I = J/S.

Definition 2.19. A semi-global Kuranishi structure for My, ..., M, for any 1 <i < p such that

1. For each index tuple I corresponding to a stratum of M; (denoted I1/I = i), there is an associated
Kuranishi chart:
Cr=(mr:Er > Vi,Lr: Vi — B, : L71(0) > M,).

2. For each pair of index tuples I' < I, there exists a coordinate change map defined on an open subset
Vir € V. This map consists of a bundle map ¢7I%I and an embedding ¢rp that form the following
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commutative diagram:

ST
Erlv,, Er
ﬁI/ EI
b1
Vi = Vi e—————V;

where the bundle map cf)}%l 1$ injective.

3. The sections are compatible with the coordinate change:
Liogpr=¢h;o Lrlv,,-
4. The linearization of the section, (dL1)y, descends to an isomorphism:

(dL); : TV;/TVi.; —> Er/Ex.

5. The composition of coordinate change maps, (¢r1, (;5}%1), 18 associative.

6. The union of the zero sets of the charts covers the moduli space M;:

M=) (L7 0)).
I,I/I=i
2.3.3 Strata Compatibility

Definition 2.20. For an index tuple I = (i1,...,im), we form the product spaces corresponding to the
unglued components:

Vi=V, x---xV; x [R,oo)mfl,
E,=E,®  -@QF

tm *

Suppose that Gy a diffeomorphism onto its image, G?& is a bundle isomorphism, and L; are C'-close as
Tl, ....,Tm_l — 00.

For all i, a bundle map satisfies the strata compatibility conditions if the following map commutes
o
E[ —I> E]
(L1,L2,...,Lm) Lr

Vi —F— W
I

Here, the perturbation section is
oc={Gr: Vi > Fr|I/I =i}

where o transverses Lg, oy is small, the section is compatible with (¢, dﬁ;), and both o and (04, 4,....i,))
are C'-close as T1, ..., T,,_1 — oo. The resulting perturbed moduli space is

Zi = H Lyt on)/ ~

I/I=i
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2.3.4 Construction of Semi-Global Kuranishi Structures for Cylindrical Contact Homology
Suppose we have an interior chart £ — B and 0 on the inverse.

Theorem 2.21. Given any compact set K < M, there exists a finite rank subbundle E of the relevant
obstruction bundle over a neighborhood of K such that the section defined by the d-operator is transverse to
E.

Sketch of Proof. The core idea is to model the non-linear equation d;u = 0 as the zero set of a section
transverse to a finite-dimensional vector bundle.

First, we analyze the equation in the asymptotic region of a curve u. For a small constant € > 0, we can
find so € R such that for s > sg, the action A(u(s — s9)) is within € of its asymptotic value A(v ). In this

regime, for a suitable choice of J, the equation dyu = 0 can be approximated by its linearization:
Osu+ Au =0,

where A is a linear, self-adjoint operator acting on sections along the asymptotic Reeb orbit.

Let {\;}icz and {f;}icz be the eigenvalues and corresponding eigenvectors of A, ordered such that --- <
A1 <0< A1 <.... Using these, we construct a family of sections of the relevant cotangent bundle:

fi(s,t) = B(s) fu(t) ® (ds — i dt),
where 3(s) is a cutoff function that localizes the section to the asymptotic region.

The key step is to define a finite-dimensional vector bundle E as the span of a suitable finite collection of
these sections, E = span{fi,..., f¢}. One can then show that the section defined by 0 is transverse to E.
The domain of the Kuranishi chart, V', is then defined as the preimage of this bundle:

Vi=0"Y(E).
By construction, V is a finite-dimensional manifold, and the pair (V, E) with the section ¢ forms the local
chart.

Finally, this local construction must be shown to be compatible with the gluing operations that define the
boundary strata of the moduli space. We do this by showing the commutativity of the following diagram,
which relates the charts for broken trajectories to the chart for the glued trajectory:

0, 0_ o O, _
(0,0) c
My x M_ x [R, ) e Vv
This ensures that the charts defined for different strata fit together properly. O
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3 Mike Usher: Quantitative Symplectic Geometry

There were three lectures:
1. Day 1: Symplectic Embedding Obstructions and Constructions

The question of which subsets of R?® embed symplectically into which others has turned out to be
quite rich and has led to the development of many techniques over the past 40 years. In my first
lecture, I will explain proofs of classic results of Gromov that give obstructions to symplectic squeezing
and packing, and will contrast this with cases where an explicit construction allows one to give a
non-obvious positive answer to a symplectic embedding question.

2. Day 2: Capacities and Symplectic Homology

The second lecture will formally introduce the notion of a symplectic capacity, and will discuss two
examples of these: the Hofer-Zehnder capacity based on periodic orbits of Hamiltonian systems, and
the Floer-Hofer-Wysocki capacity based on symplectic homology.

3. Day 3: Obstructing Embeddings Using Equivariant Symplectic Homology

The third lecture will explain how S!-equivariant symplectic homology supplies additional restrictions
on symplectic embeddings, both via a sequence of capacities coming from spectral invariants associated
to various homology classes, and via chain-level information that vanishes in homology but can in some
cases be used to show that two known embeddings are not symplectically isotopic.

3.1 Symplectic Embedding Obstructions and Constructions
3.1.1 Introduction

Quantitative symplectic geometry is concerned with several fundamental questions regarding the existence
and properties of symplectic embeddings. Important examples of such questions include:

1. Suppose X (7) and Y (3) are symplectic manifolds depending on parameters 7 and 3. For what values
of these parameters do there exist symplectic embeddings X (7) — Y (3)? For instance, for which a > 0
and s; > 0 does a symplectic embedding exist from the ball

X(a) = B*(a) = {(:E‘, HeR™ | Z(ﬁ +y7) < a}

j=1
< 1}?

2. If X < R?>" is a domain with a contact-type boundary, what can be said about the action of closed
characteristics on X7 What is the connection between this question and the previous one?

into the ellipsoid

2 2
5+ Y;
j

S

n
Y(8) = E® (51, 50) = {(f,m e |7 )]
j=1

3. For a Hamiltonian diffeomorphism ¢ : M — M, what is the asymptotic behavior of the number of
fixed points of its iterates, #Fix(¢*), and the Hofer norm, ||¢*||foter, as k — 00?

For the remainder of this discussion, we will focus primarily on the first question, which led to the first result
that got mathematicians interested in studying quantitative symplectic geometry.

Theorem 3.1 (Gromov’s Non-Squeezing Theorem, 1985). Let the standard ball and cylinder in R*" be
defined as

n
B*(a) = {(f, g eR™ [ Y (2F +y7) < a}
j=1

and
Z*"(A) = {(Z,7) e R*" | w(af + yi) < A} = B*(4) x R*" 2,
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A symplectic embedding B*"(a) — Z*"(A) ewists only if a < A.

Basically, this result states that it is impossible to deform a ball to fit into a cylinder of a smaller radius
while preserving the symplectic structure.

3.1.2 Proof of Gromov’s Non-Squeezing Theorem

We present a sketch of the proof. Suppose there exists a symplectic embedding ¢ : B**(a) — Z?"(A). For
any € > 0, we wish to show that a < A; it suffices to show a —e < A + e.

Choose a length L such that the image of ¢ is contained in B%(A) x (=L, L)?>"~2. We can regard B2(A) as
a subset of the 2-sphere S?(A + ¢€) of area A + ¢. The map ¢ can then be viewed as embedding into the
symplectic manifold (M,w) = (S?(A + €) x (R/2LZ)*" 2 wytq ® wWstd)-

The proof relies on two key facts:

Proposition 3.2 (Fact #1). For any w-compatible almost complex structure J on M, there exists a J-
holomorphic map u : S* — M such that $(0) € Im(u) and u[S?] = [S? x {pt}] € Ho(M). This holds in
particular for any J that agrees with ¢4.Jy on the image ¢(B*"(a — €/2)), where Jy is the standard complex
structure.

Proposition 3.3 (Fact #2). For any Jo-holomorphic map v : ¥ — B?"(c), where ¥ is a compact surface
with boundary and c € (a — e,a — €/2), such that v(0X) = 0B?*(c) and 0 € Im(v), the area of the image is
bounded below: Area(v) = c.

Assuming these facts, the theorem follows. For a generic c € (a —e€,a —¢/2), let ¥ = u~1(¢(B?"(c))). Define
v:Y — B?(c) by v = ¢! oulg. Then

afe<c<Area(v)=J

v¥wg = J (¢~ ou)*wy = J u*w = Area(uls) < Area(u) = A +e.
) ) b

Since this holds for any € > 0, we conclude that a < A.

Proof Sketch of Fact 1. For any w-compatible J, consider the moduli space of curves passing through the
specified point:
My = {u : 5% — M | us[S?] = [S? x {pt}], u(origin) = ¢(6)}

If J = Jp is a standard complex structure, M j, consists of a single element. For contradiction, suppose
M, = & for some other compatible .J;. For a generic path of almost complex structures {J; }c[o,1] from Jo
to Ji, the parameterized moduli space Ute[O,l]{t} x M, would be a compact 1-manifold whose boundary
is Mj, U M, . But this implies its boundary consists of a single point, which is impossible as compact
1-manifolds have an even number of boundary points. O

The proof of Fact 2 is omitted.

3.1.3 4-Dimensional Packing Problem

Problem 3.4 (4-Dimensional Packing Problem). Given k € N and a > 0, does there exist a symplectic
embedding of k disjoint copies of the 4-ball of capacity a into the unit 4-ball?

[ [B*(a) — B*(1)
k

By a result of McDuff and Polterovich, we have the identification B*(1) =~ CP?(1), the complex projective
plane of area 1. The volume of [ [, B*(a) is k%, while Vol(B*(1)) = 1. The fraction of the total volume
filled by the packing is ka?. The question is whether this fraction can approach 1.

Theorem 3.5 (2-Ball Theorem). If k = 2, an embedding [ [, B*(a) < B*(1) exists only if a < 3.
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Proof. We present two distinct proof sketches.

1. Let ¢1,¢o : B*(a) — CP?*(1) be symplectic embeddings with disjoint images. One can construct an
almost complex structure J that agrees with ¢14Jy and ¢o4Jy on the respective images. There exists
a J-holomorphic curve u passing through both ¢;(0) and ¢2(6) and representing the class of a line
[CP'] € Hy(CP?). The area of this curve must be the sum of its areas inside each ball and its area
outside, giving

DN | =

1=Area(u) 2a+a = a<

2. By blowing up the centers of the two embedded balls, we obtain a symplectic manifold CP?#2CP?.
The symplectic form is such that the class of the proper transform of the line, L = [(CPl], has area 1,
and the two exceptional divisors F, 5 both have area a. The class L — F; — E5 can be represented by a
holomorphic sphere, which must have non-negative area. This implies the area inequality 1 —a—a = 0,
which gives a < %

O

3.2 Capacities and Symplectic Homology
3.2.1 Symplectic Capacities

Let C be a collection of 2n-dimensional symplectic manifolds closed under scaling of the symplectic form;
that is, if (M,w) € C, then (M, aw) € C for all a > 0.

Definition 3.6. A symplectic capacity on C is a function ¢ : C — [0, 0] satisfying:
1. Monotonicity: If there exists a symplectic embedding (M,w) — (M’ '), then ¢(M,w) < ¢(M',w").
2. Conformality: For any a >0, ¢(M,aw) = a - ¢(M,w).
3. Nontriviality: ¢(B**(1)) > 0 and c(Z*"(1)) < oo.

Remark 3.7. A stronger version of nontriviality is normalization, which requires c(B**(1)) = c¢(Z*"(1)) =
1.

When C consists of subsets of (R?",wy), the conformality axiom is often phrased in terms of scaling the
domain: for a domain U, let aU := {y/aZ' | Z€ U}. Then c(aU) = a - ¢(U).

Let’s look at some examples of capacities:

Example 3.8 (Gromov Capacity). The Gromov capacity is defined as

cg(M,w) := sup{a | 3 a symplectic embedding B*"(a) — (M,w)}.

One major source of symplectic capacities are Hamiltonian systems. Suppose (M, w) is a symplectic manifold
and H : R/Z x M — R is a smooth Hamiltonian, denoted (t,m) — H;(m). The corresponding time-
dependent Hamiltonian vector field X g, , given by w(-, Xp,) = dHy, generates a Hamiltonian flow ¢}, : M —
M satistying

dgpl (m)

ST — X, (Pl (m).

We can study symplectic capacities via filtered Floer homology or symplectic homology, which are built from
the dynamics of such flows.

Example 3.9 (Hofer-Zehnder Capacity). The Hofer-Zehnder capacity is defined for compactly supported
Hamiltonians. Let H(M) be the set of smooth Hamiltonians H : M — R that are compactly supported and
vanish on some non-empty open set. Then

cuz(M,w) :=sup{max H | H € H(M) and all I-periodic orbits of Xy are constant}.
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3.2.2 (Filtered) Floer Homology

For the remainder of this section, we assume (M,w) is an exact symplectic manifold, w = d\. For example,
take the Euler vector field Ex, M < R?? and A = \g := %Z] (x;dy; —y;dx;). For a 1-periodic Hamiltonian
H : R/Z x M — R, Floer homology, HF(H), is defined as the Morse homology of the action functional
Ag : C*(R/Z, M) — R, given by

Ap(y) =— Ll TN+ L H(t,~(t)) dt.

The critical points of Ag are the 1-periodic orbits of the Hamiltonian vector field Xg,:
Crit(Apm) = {v:R/Z — M [ §(t) = Xg,(v(1))}-

There is a 1-to-1 correspondence between Crit(Ag) and Fix(¢%;) given by v — +(0). The negative gradient
flow lines of Ap are solutions u : R x R/Z — M to Floer’s equation:

ou ou

=, A1) <0t — Xn, (u(s,t)>) = 0.

The Floer chain complex, CF(H), is the vector space spanned by Crit(Ag), graded by the Conley-Zehnder
index pcz. The boundary operator ¢ : CFy(H) — CFy_1(H) is defined on a generator y_ by

oy_ = Z #(flow lines from y_ to v4)v+,
Y+
where the sum is over generators 74 with index difference ind(y-) — ind(y4) = 1.
Proposition 3.10. Under suitable compactness and transversality assumptions:
o The differential satisfies 0% = 0, which gives the Floer homology HF(H).

e For Hamiltonians H and H' satisfying the same asymptotic conditions, there exist continuation maps
CF(H) < CF(H') inducing isomorphisms on homology.

The filtered version can be given as follows: The action functional provides a natural filtration on the Floer
complex. For any real number t € R, we define the filtered Floer complex as the subspace

CF'(H) := span {y € Crit(Ag) | Ax(y) < t}.

Since the action functional Ay strictly decreases along non-constant negative gradient flow lines, the Floer
differential maps this subcomplex to itself, i.e., d(CF*(H)) ¢ CF'(H). Consequently, we may take the
homology of this subcomplex, which defines the filtered Floer homology, H F*(H), for each t € R.

The natural inclusions of chain complexes CF*(H) — CF'(H) for s < t induce homomorphisms on ho-
mology, HF*(H) — HF*(H). Furthermore, if H, H' are two Hamiltonians such that H > H’, there exist
continuation chain maps CF'(H) — CF*(H’) that respect the filtration level. These two structures are
compatible, as expressed by the following commutative diagram for any s < t and H > H':

HF*(H) —— HF*(H')

| |

HF'(H) —— HF'(H')

3.2.3 Liouville Embeddings

Definition 3.11. A Liouville domain (W,w) is a compact manifold with boundary, equipped with a 1-form
A such that w = d\ is symplectic and the associated Liowville vector field Vy (defined by vy,w = A) points
strictly outwards along OW .
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Example 3.12. For \g = 3 >,(z; dy; — y; dz;), we have Vi, = 3 >\(z;0z; + y;0y,), so we can take W to be
the strongly star-shaped around the region in R?™.

In this case, a := X |ow for a € QY(OW) is a contact form on OW , and there exists a collar neighborhood U
of OW such that (U, ) ~ ([1 — €, 1] x OW,ra). From the completion, we have

(W,X) = (W, ) U([l,oo) x OW, ray).
ow

Example 3.13. Let )y = %23 (z; dy; — yj dz;) be the standard Liouville form on R®™. The corresponding
Liouville vector field is the radial vector field Vi, = %ZJ (702, +y;0y,). Consequently, any strongly star-
shaped domain in R%" is a Liouville domain with respect to the restriction of Ag.

In this setting, the restriction o := Maw is a contact form on the boundary 0W. There exists a collar
neighborhood U of OW in W on which the Liouville structure is standard, i.e., (U, \) = ([1 —¢, 1] x OW, ra).
This allows for the construction of the completion of W, a non-compact manifold defined by attaching a
cylindrical end:

(W, A) := (W, \) Uaw ([1,00) x oW, ra).

For a strongly star-shaped domain in R?", the completion W is symplectomorphic to R*™. The relation
W ~ R?" is called the Liouville isomorphism.

The homology theory is defined using a specific class of Hamiltonians on the completion.

Definition 3.14. Given a Liowville domain (W, ), a Hamiltonian H : R/Z x W — R is W -admissible if
it satisfies two conditions:

1. H 1is non-negative on W.

2. On the cylindrical end [1,00) x 0W, the Hamiltonian is linear in the radial coordinate. That is, there
exist constants a > 0 and b € R such that for all (r,y) € [1,00) x OW,

H(t,(r,y)) = ar + b,

where a is chosen not to be the period of any closed Reeb orbit of the contact form a.

Remark 3.15. The condition on the slope a ensures that all 1-periodic orbits of the Hamiltonian flow are
contained within W. The linear behavior on the end implies that the Hamiltonian vector field is purely
rotational: Xg = aRy on (1,00) x OW, where Ry, is the Reeb vector field.

Let Hw be the set of all W-admissible Hamiltonians. This set is directed under the pointwise inequality
H > H'. For any such pair, there exist continuation maps HF'(H) — HF!(H') for each filtration level
teR.

Definition 3.16. For a Liouville domain W and any t € R, the symplectic homology SH*(W) is defined
as the direct limit of the filtered Floer homology groups over the directed set of admissible Hamiltonians:

SHYW):= lim HF'(H).
HGHW

The resulting homology groups form a filtered system, with maps SH*(W) — SH*(W) for all s < t. This
structure is a powerful invariant of the Liouville domain:

Proposition 3.17. The completed symplectic homology, SH® (W), depends only on the Liouville isomor-
phism type of the completion W. For any strongly star-shaped domain W < R?", SH® (W) = 0.

Symplectic homology is functorial with respect to Liouville embeddings.

Proposition 3.18. If W’ is a Liouville domain contained in the interior of W, there are induced transfer
maps
SH' (W) — SHY(W").
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More generally:

Proposition 3.19. A Liouville embedding ¢ : W — int(W) (meaning ¢*X — X = df for some function f)
induces transfer maps oy : SHY (W) — SHY(W").

3.2.4 Floer-Hofer-Wysocki Capacity

We discuss the Floer-Hofer-Wysocki Capacity for a strongly star-shaped W < R?". We begin with the
following result:

Proposition 3.20. For a strongly star-shaped domain W < R?", for sufficiently small € > 0, the low-level
filtered symplectic homology is isomorphic to the relative homology of the domain:

SHL(W) = Hy o (W, 0W),

In particular, SH, (W) = Q.
This motivates the following definition:

Definition 3.21. The Floer-Hofer- Wysocki capacity of a strongly star-shaped Liouville domain W <
R2" js
craw(W) := inf{t € R | the map SHS (W) — SH., (W) is zero for small e > 0}.

Theorem 3.22. cpyw defines a symplectic capacity.

Proof. We verify that cpgw satisfies the three axioms of a symplectic capacity.

e Monotonicity: Let W’ — int(WW) be a Liouville embedding. This induces transfer maps on symplectic
homology which fit into the following commutative diagram for any ¢ € R and small € > 0:

SHY (W) —=— SH*(W")
%]

l l

SH'(W) —— SH'(W)

By definition, if ¢ > crgw (W), the left vertical map is zero. By commutativity, the composition
SHE(W) — SHS(W') — SH!(W') is also zero. Since the top horizontal map is an isomorphism
(as both groups are isomorphic to the top relative homology of the domains), the right vertical map
must be zero. This implies that ¢ > inf{t' | SHE(W’) — SHE (W’) is zero} = cpuw (W’). Therefore,
craw (W) = cpaw (W), establishing monotonicity.

e Conformality: The property crapw (W, aw) = a - cpaw (W, w) follows from the behavior of the action
functional under scaling of the symplectic form. A scaling of w by a factor of a scales the action values
by the same factor, and thus the filtration levels defining the capacity are scaled accordingly.

e Nontriviality: The conditions cpaw(B?*(1)) > 0 and cpaw(Z%"(1)) < o hold by the construction
of symplectic homology and its relation to the Reeb dynamics on the boundaries of these standard
domains.

This completes the proof.
O

2 2
Example 3.23. For the standard ellipsoid W = E(aq,...,a,) = {Zn e ty;)

j=1" a, Sl} with 0 < a1 < ag <

-+ < ay, the Floer-Hofer-Wysocki capacity is given by the smallest action value:

CFHW(W) =4ai.
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3.3 Obstructing Embeddings Using Equivariant Symplectic Homology
3.3.1 Symplectic Homology
Suppose we have (W, \) a Liouville domain, n = 0W, a contact form « = Ay, and C a scalar of Y such that

(CA) = ((1 —€,1] x Y,ra). The completion is

W= Wﬂ([l, o] x Y, ra).
Y

Define
Hw := {W-admissible Hamiltonians}

where H : R/Z x W — R such that H lrzxm=0and forr > 1,yeY, H(t, (r,y)) = —ar +bfora>0,be R
such that a is not the closed period of any Reeb orbit for a.

Suppose H,H € Hy and H > H’. Then for t € R autonomous, we have construction maps HFt(H) —
HF!(H").

Definition 3.24.
SH'(W) = lim HF'(H).

HeMw
A family of H’s approaching the limit might look like the following: take H | to be a small Morse function
W — [0,00) that is C? small in the complement of the collar, with H |sy= 0.
e On C =~ (1—¢,1] xY, we have H(r,y) = —h(r), where h’ increases rapidly from § ~ 0 to a » 0.
e On W\W = (1,0) x Y, we have H(r,y) = —a(r — 1).
Note that the Hamiltonian vector field given by H(r,y) = —h(r) is Xy = —h'(r)R,.
Recall that for v : R/Z — M,

1
An(y) = fM A+ f H(t, (1)) dt.

For these H, Crit Ag consist of
e Constants at critical points of Hy,\¢ with Ay = H(p) ~ 0.

e In C =[1—¢,1] xY, the critical points are given by reparameterizations of closed orbits of R, with
period A/ (r), with Ag ~ h/(r).

If tg < the minimal action of a Reeb orbit,

SHL (W) = Hyn(Morse complex of H |)
= Hyyn(W,Y).

Once t is bigger than the minimal period of a Reeb orbit, SH is affected by the Reeb orbits, any of which
gives an S1 family in Crit(Ag). Morse-Bott perturbation splits these into two orbits different in index by
1, both with action approximately the period of the original orbit.

Example 3.25. Consider the ellipsoid

E(ay,...,a,) = {ZW < 1}.

- a;
j J

with a1 < ... < ayn. Assume that a; are linearly independent over Q. The Reeb orbits are circles in x;y;
planes (and their m-fold covers) with action maj. After Morse-Bott perturbation, there exists 1 orbit in each
index starting at n + 1 arranged in increasing order of action.
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3.3.2 Positive Symplectic Homology

A useful variation of symplectic homology is obtained by quotienting out the low-action part of the complex,
which isolates the dynamics on the boundary from the topology of the domain itself.

Definition 3.26. For a Liouville domain W, the positive symplectic homology, denoted SH*’t(W), 18
defined for any t € R as the direct limit

p L HF'(H)

where the limit is taken over all W -admissible Hamiltonians H and for all sufficiently small € > 0.

Example 3.27. For any strongly star-shaped domain W < R?", the completed positive symplectic homology
is concentrated in a single degree:

Q ifx=n+1,
0 otherwise.

SHE(1) - {

A more powerful invariant arises from incorporating the natural S'-action on the free loop space C© (S, W).
This leads to the construction of S'-equivariant symplectic homology. Rigorously, this is the filtered
Morse homology of the action functional on the Borel construction of the loop space, (CW x ES!)/S*.

When working with Q coefficients, an important feature of the equivariant theory is that its underlying
chain complex is generated by one generator for each closed Reeb orbit, rather than the two generators that
typically appear in the non-equivariant, Morse-Bott setting.

Example 3.28. Let CH, (W) denote the filtered, positive, S*-equivariant symplectic homology, i.e., CH, (W) :

SHfl’+’t(W). For any strongly star-shaped domain in R?", the completed version is given by

0 otherwise.

CH;O(W)—{Q ife=n—14+2k fork>1,

3.3.3 The Gutt-Hutchings Capacity

Equivariant symplectic homology does not give rise to only a single capacity, but rather to an infinite sequence
of them, indexed by the degree of the homology classes.

Definition 3.29. For an integer k > 1 and a strongly star-shaped domain W < R?", the k-th Gutt-
Hutchings capacity is defined as

e (W) :=inf {t € R | the map CHl,_, o, (W) — CHY 1 5 (W) is nonzero} .

Example 3.30. For the ellipsoid E(ay,...,ay), the k-th Gutt-Hutchings capacity is the k-th smallest value
in the ordered set of all Reeb orbit actions:

cSH(E(ay, ... a,)) = k™ smallest number in the set {ma; |m =1,j =1,...,n}.

Example 3.31. For the polydisc W = B?(ay) x --- x B?(a,), the capacities are given by integer multiples
of the smallest radius:
cZH(B%*(ay) x --- x B*(a,)) = k - mina.
J
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3.3.4 Symplectic Banach-Mazur Distances

The capacities derived from equivariant symplectic homology can be applied to problems beyond embedding
obstructions, such as measuring a notion of distance between symplectic domains.

Definition 3.32. The symplectic Banach-Mazur distance between two Liouville domains X and Y is
given by

§(X,Y) :=1inf {\ > 1|3 a Liouville embedding ¢ : X <> int(\Y') such that \™'Y < p(X)}.

A powerful strategy for obtaining lower bounds on this distance involves the transfer maps in equivariant
symplectic homology. The existence of a Liouville embedding ¢ satisfying the ”sandwich” condition A™'Y <
©(X) < A\Y for a given X implies the existence of a sequence of transfer maps on homology:

CH,(\Y) — CHJ(X) — CHL,(A'Y).
By the conformality property of the filtration with respect to scaling, this sequence of maps is equivalent to
CH) (V) — CHL(X) — CHM(Y).

Therefore, if the known algebraic structures of the homology groups CHj (X) and CHj(Y) preclude the
existence of such a factorization of maps for a given A, one can conclude that no such embedding exists.
This provides a lower bound on the distance, §(X,Y) > .
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RESEARCH TALKS

There were 10 research talks, each one hour long.

1.

10.

Symplectic Orbifold Gromov-Witten Invariants by Mark McLean (Stony Brook)

2. Spectral equivalence of nearby Lagrangians by Alex Pieloch (MIT)
3.
4

Low-action holomorphic curves and invariant sets by Dan Cristofaro-Gardiner (University of Maryland)

. High-dimensional families of holomorphic curves and three-dimensional energy surfaces by Rohil Prasad

(University of California, Berkeley)

Deformation inequivalent symplectic structures and Donaldson’s four-six question by Luya Wang (Stan-
ford)

Taut foliations through a contact lens by Thomas Massoni (MIT)
Symplectic annular Khovanov homology and knot symmetry by Kristen Hendricks (Rutgers University)

How to construct symplectic homotopy theory by Vardan Oganesyan (University of California, Santa

Cruz)

Homological mirror symmetry for Batyrev mirror pairs by Daniel Pomerleano (University of Mas-
sachusetts, Boston)

Derived moduli spaces of pseudo-holomorphic curves by John Pardon (Simons Center for Geometry
and Physics)
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4 Mark McLean: Symplectic Orbifold Gromov-Witten Invariants

Abstract: Chen and Ruan constructed symplectic orbifold Gromov-Witten invariants more than 20 years
ago. In ongoing work with Alex Ritter, we show that moduli spaces of pseudo-holomorphic curves mapping
to a symplectic orbifold admit global Kuranishi charts. This allows us to construct other types of Gromov-
Witten invariants, such as K-theoretic counts. The construction relies on an orbifold embedding theorem of
Ross and Thomas.

4.1 Introduction

The primary objective of this work is the construction of Gromov-Witten type invariants for symplectic
orbifolds. This theory was previously developed over the field of rational numbers, Q, by Chen and Ruan.
The approach here uses global Kuranishi charts. This is part of a larger research project aimed at proving a
version of the crepant resolution conjecture. Related work on the global quotient case is concurrently being
developed by Mak, Seyfaddini, and Smith. This entire talk is joint work with Ritter.

Informally, an orbifold is like a manifold, but the charts look like V/T", where V' < R" is an open finite subset
and I' - GL,,(R). For example, {pt}/Z/2 is an orbifold. We will not define an orbifold formally, but the
following construction provides the important intuition:

Suppose a compact Lie group G acts on a smooth manifold M such that all stabilizer subgroups are finite.
The resulting quotient space, denoted [M/G], is a canonical example of an orbifold. The local structure is
described by the Slice Theorem.

Theorem 4.1 (The Slice Theorem). For each point x € M, there exists a G, -equivariant submanifold
Sz © M containing x and a G-equivariant neighborhood U, € M of x such that the map

GXGI Sz—>UI

is a diffeomorphism. Here, G, denotes the stabilizer subgroup of x.

Definition 4.2. If the slice S, admits a global G -equivariant coordinate system, then the pair (Sg, Gy) is
an orbifold chart for [M/G] centered at the point corresponding to the orbit of x.

Theorem 4.3 (Pardon). FEvery compact orbifold is diffeomorphic to a global quotient [M/G] for some
compact Lie group G acting on a smooth manifold M with finite stabilizers.

Morphisms between orbifolds are defined in the framework of Hilsum-Skandalis maps.

Definition 4.4. A Hilsum-Skandalis morphism between two orbifolds [M1/G1] and [Ma/G3] is repre-

sented by a diagram

J RN YA

M,

where P is a manifold equipped with a G1 x Gy action, w : P — M is a G1-equivariant principal Go-bundle,
and f: P — My is a Ga-equivariant map.

This framework allows for definitions of geometric structures on orbifolds, such as symplectic or complex
structures.

Definition 4.5. If X = [M/G] is an orbifold, its underlying coarse moduli space, denoted X, is the
topological quotient space M /G.

4.2 Twisted Nodal Curves

Let (X,w,J) be a compact symplectic orbifold, where w is a symplectic form and J is a compatible almost
complex structure that tames w. Let § € Ho(X;Z) be a homology class. The objects of study are maps from
certain singular domains into X.
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Definition 4.6. A twisted nodal domain . is a topological space obtained from a one-dimensional complex
orbifold X3 by an equivalence relation ~. This relation identifies distinct pairs of smooth points p ~ q, subject
to the following balancing condition:

e The point p admits an orbifold chart with a coordinate z centered at p where the stabilizer group,
isomorphic to Z/kZ, acts via (m, z) — e2™™/kz,

e The point q admits an orbifold chart with a coordinate w centered at q where its stabilizer group, also
Z/KZ, acts via (m,w) — e—2mim/ky,

Remark 4.7. Near a node where two points with stabilizer group Z/kZ are identified, the local model for X
is given by {(x,y) € C? | zy = 0}/(Z/kZ), where the group action is (z,y) — (Cx, (1Y) for ¢ = €>™/%. This
singularity can be smoothed to {(z,y) € C* | zy = t}/(Z/k7Z).

Definition 4.8. A marking on a twisted nodal domain X is a collection of distinct smooth points p1, ..., Pn
that are disjoint from the nodes. This set must include all smooth points with non-trivial stabilizer groups.

For a detailed exposition of the category of twisted curves, see Abramovich and Vistoli.

Definition 4.9. A twisted nodal curve is a map u: ¥ — X, where X is a twisted nodal domain and u is
a J-holomorphic Hilsum-Skandalis morphism satisfying:

e The map descends to a continuous map from the domain to the coarse moduli space, u: 3 — X.
e For every point o € 3, the induced map of stabilizer groups G, — Gu(s) 18 injective.
Remark 4.10.

e Abramovich and Vistoli studied the case where the target orbifold is the point with a Zs stabilizer,
X = [pt/Zs].

e For comparison, in the classical smooth, genus-zero case, a map u : X — X is analyzed by choosing
a line bundle L — X and a framing F (a basis for H*(3,u*L)). This framing induces a map into
projective space, ¢p : ¥ — P4, where d = dim HO(X,u*L) — 1. This technique restates the problem in
a more well-understood framework of the moduli space of stable maps to projective space.

4.3 Problems

Generalizing the established theory of Gromov-Witten invariants from smooth domains to the orbifold setting
presents several significant challenges. For instance, in the smooth genus-zero case, one can embed the curve
into a projective space P¢ using a basis for the sections of a line bundle. This approach faces two primary
obstacles in the orbifold context:

1. For curves of higher genus, the space of line bundles of a fixed degree forms its own moduli space,
adding a layer of complexity.

2. Twisted nodal curves with non-trivial stabilizer groups generally do not admit maps to a standard
projective space CP.

To address the second challenge, we adopt an idea introduced by Ross and Thomas. Instead of mapping to
standard projective spaces, the target space is replaced by a weighted projective space.

Definition 4.11. A weighted projective space P(wo,...,wy) with weights w; € Z" is the quotient space
P(wo, - .., wq) = (CTT1\{0})/C*,

where the C*-action is given by t - (zo,...,24) = (t"°zp,...,t"24).

Let Y be a compact complex orbifold with only cyclic stabilizer groups (for instance, the domain Y of a
twisted curve).

Definition 4.12. A line bundle L on'Y is locally ample if for every point y € Y, the stabilizer group at y
acts faithfully on the fiber L.
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Definition 4.13. A line bundle L is globally positive if for some integer N > 0, the power LN is the
pullback of an ample line bundle from the coarse moduli space Y .

Definition 4.14. A line bundle L on'Y is orbi-ample if it is both locally ample and globally positive.
Using an orbi-ample line bundle, one can construct an embedding.

Definition 4.15. Let L be a line bundle and let n; = dim H°(Y, L®"). For a fized integer k > 0, a k-framing
of L is a tuple of bases

(fig)ieth,..., 2k} jef1, o mids
where for each i, the set {fi1,..., fin,} is a basis for the vector space of global sections H°(Y, L®").

Theorem 4.16 (Ross-Thomas Embedding). Let L be an orbi-ample line bundle on'Y and let F = (f;;) be
a k-framing for sufficiently large k. Define the weighted projective space

Pu(L) =Pk, ... .k k+1,....k+1,...,2k,...,2k).
—_— — [

ng times Nk4+1 times nok times

Then the map ¢r : Y — Pr(L) defined by
y = [fij(s)]i

for any non-zero section s € Ly, is an embedding of orbifolds.
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5 Dan Cristofaro-Gardiner: Low-Action Holomorphic Curves and
Invariant Sets

Abstract: I will discuss a new compactness theorem for sequences of low-action punctured holomorphic
curves of controlled topology, in any dimension, without imposing the typical assumption of uniformly
bounded Hofer energy; in the limit, we extract a family of closed Reeb-invariant subsets. I will also explain
why such sequences exist in abundance in low-dimensional symplectic dynamics, via the theory of embedded
contact homology. This has various applications: the one I want to focus on in my talk is a generalization
to higher genus surfaces and three-manifolds of the celebrated Le Calvez-Yoccoz theorem. All of this is joint
with Rohil Prasad.

5.1 Introduction
5.1.1 A New Compactness Theorem
Consider a closed, oriented (2n + 1)-manifold Y. We are interested in framed Hamiltonian structures.

Definition 5.1. A framed Hamiltonian structure is a pair (\,w) where X is a 1-form, w is a closed
2-form, and the condition A A w™ > 0 holds.

Example 5.2. The following are examples of framed Hamiltonian structures:

1. Let X\ be a contact form and w = d\. Consider a symplectic automorphism ¢ : (M?",w) — (M w).
The mapping torus is given by
Y = (M x[0,1])/ ~

where (x,1) ~ (¢(x),0). The pair (dt,w) defines a framed Hamiltonian structure on'Y .

2. Let H : (M*",w) — R be a proper Hamiltonian function. If c is a reqular value of H, then the level
set H=1(c) admits a framed Hamiltonian structure.

3. Any non-singular, volume-preserving flow on a closed 3-manifold corresponds to a framed Hamiltonian
structure.

Given a framed Hamiltonian structure (A, w), there exists a vector field R satisfying w(R,-) = 0 and A(R) = 1.
Example 5.3. In the contact case, where w = d\, the vector field R is the Reeb vector field.

Our objective is to find non-trivial (i.e., non-empty and proper) closed invariant sets of the flow generated
by R.

Example 5.4. Exzamples of such invariant sets include:
e A periodic orbit of the flow.
e Invariant tori, as arise in KAM theory.
e The closure of an orbit for a proper flow.

Consider the symplectization X = R x Y equipped with an almost complex structure J : TX — T X such
that J2 = —1. We require J to satisfy J(ds) = R and to preserve the kernel of A, ker()), compatibly with
w. We are interested in sequences of proper J-holomorphic curves

up : Cp, > RxY

where each C} is a closed Riemann surface minus a finite number of punctures. For such a sequence, we
define the limit set L(uy) as the collection of all closed subsets K < (—1,1) x Y for which there exists a
sequence of shifts s, € R such that the translated curves u,(Cy) — (sg,0) converge to K within the slab
(=1,1) x Y. This can be interpreted as the set of subsequential limits of height-2 slices of the curves.

Proposition 5.5. The limit set L(uy) is connected.

Associated with each holomorphic curve u are two classical quantities:
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e The action, defined as

e The Hofer energy, defined as

E(u) = sup u*A

seR JCmu_l({s}XY)

Theorem 5.6. Let up : Cpy — R x Y be a sequence of proper J-holomorphic curves such that the action
vanishes in the limit, limg_o A(ug) = 0, and the Euler characteristic is uniformly bounded from below,
infy x(Cg) > —o0. Then every element K € L(uy) is of the form K = (=1,1) x A for some closed, non-
empty, R-invariant set A CY.

The upshot is that a sequence satisfying the hypotheses of this theorem yields a connected family of of
invariant sets.

Remark 5.7. The main novelty of this theorem is the absence of any requirement for a uniform bound on
the Hofer energy &(ug).

5.2 Dynamical Applications

The upshot is that the theorem widely applicable in low dimensions. In higher dimensions, related problems
are more open. Of particular importance is the connection to generalizations of the Le Calvez—Yoccoz
theorem.

Definition 5.8 (Birkhoff). A dynamical system is minimal if every orbit is dense in the phase space.

One motivation for studying invariant sets is that if a dynamical system on Y is not minimal, then there
exists a non-trivial, proper, closed invariant set K < Y. The existence of such a set provides a decomposition
of the space.

Problem 5.9 (Ulam). Does there exist a minimal homeomorphism of R™ or of R™\{p} for some point p?
Theorem 5.10 (Le Calvez, Yoccoz, 1997). A homeomorphism of S*\{p1,...,pr} is never minimal.
This motivates the following definition.

Definition 5.11. A system has the (strong) Le Calvez—Yoccoz property if for any non-trivial closed
invariant set, the dynamics on its complement is never minimal.

Theorem 5.12 (Cristofaro-Gardiner, Prasad). The following systems have the strong Le Calvez—Yoccoz
property:

1. Any Hamiltonian diffeomorphism of a closed surface.

2. Any Reeb flow on a rational homology 3-sphere.

3. Any geodesic flow on a closed surface (considered as a flow on its unit tangent bundle).
Remark 5.13. No genericity assumptions are required for this result to hold.

Corollary 5.14. For the systems (1)-(3) listed above, the union of all non-trivial, proper, closed invariant
sets is dense in the phase space.

Corollary 5.15. For any geodesic flow on a closed surface, there exists a dense set of points such that for
each point in this set, there is more than one non-dense geodesic passing through it.
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5.3 Proof Ideas
5.3.1 Finding Low Action Curves of Controlled Topology

This component of the proof utilizes the theory of Embedded Contact Homology (ECH). For a closed, oriented
3-manifold (Y, A) with a contact form, ECH(Y, A) is the homology of a chain complex whose generators are
certain finite sets of Reeb orbits and whose differential counts specific (mostly embedded) J-holomorphic
curves in the symplectization.

Theorem 5.16. The Embedded Contact Homology is isomorphic to a version of Heegaard Floer or Monopole
homology:
ECH(Y,\) ~ HM(Y)

There exists a map U : ECH — ECH defined by counting holomorphic curves that pass through a generic
marked point in the symplectization. The Weyl law for the ECH spectrum, combined with properties of the
U-map, allows us to produce sequences of holomorphic curves with vanishing action.

Problem 5.17. How do we bound the Euler characteristic, x(Ck), for the sequence of curves Cy produced
by this method?

A priori, there is no bound on the genus of these curves.

Theorem 5.18 (Cristofaro-Gardiner, Prasad). The curves Cy, in the sequence can be chosen such that their
Euler characteristic is bounded from below:

x(Cr) = —2.

5.3.2 Proving the Compactness Theorem

The central idea in this proof is a new estimate. This estimate provides a bound on the portion of a
holomorphic curve C' contained within a small ball, provided that the curve has low action. The bound is
given in terms of the Euler characteristic x(C).
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6 Alex Pieloch: Spectral Equivalence of Nearby Lagrangians

Abstract: Fix a commutative ring spectrum R. In this talk, we will show that any nearby Lagrangian in
a cotangent bundle of a closed manifold is equivalent in the wrapped Fukaya category with R-coefficients
to an R-brane supported on the zero section. As an application, we impose topological restrictions on the
embeddings of exact Lagrangian fillings of the standard Legendrian unknot in sub-critical Stein domains.
This is joint work with Johan Asplund and Yash Deshmukh.

6.1 Introduction

The main result of this work is a generalization of a theorem by Abouzaid to the setting of arbitrary
commutative ring spectra.

Theorem 6.1 (Abouzaid). Let L < T*Q be an exact compact Lagrangian submanifold (a nearby Lagrangian)
equipped with a rank-1 local system. Then in the wrapped Fukaya category W(T*Q;Z), L is equivalent to
the zero section endowed with some rank-1 local system.

Our goal is to extend this result by replacing integer coeflficients with coefficients in a commutative ring
spectrum R. A spectrum is an object from stable homotopy theory that generalizes the notion of a topological
space, admitting a richer algebraic structure suitable for defining generalized homology theories.

Example 6.2. The homology of a manifold M with coefficients in a ring spectrum R is given by the homotopy
groups of the smash product:
(M A R) = Hy(M; R).

For specific choices of R, we recover familiar theories:

e If R=HK for some ring K, then mo(M A HK) = H,(M; K), the ordinary singular homology.

e If R = MO, the real cobordism spectrum, then m(M A MO) = QMO(M), the bordism groups of M.
Our main theorem is stated as follows:

Theorem 6.3. Let L < T*Q be a nearby Lagrangian equipped with an R-brane. In the wrapped Fukaya
category W(T*Q; R), L is equivalent to an R-brane supported on the zero section.

This result has applications in constraining the topology of Lagrangian fillings.

Theorem 6.4. Let X be a subcritical Weinstein domain with ¢1(X) = 0 and c(X) = 0. Let A € 0X
be a Legendrian unknot with its standard filling C. If L < X is any exact Lagrangian filling of A, then L
is homotopic to C relative to A in the space X /X,,_o, which is homotopy equivalent to a wedge of spheres

\/ Snfl .
Before we prove this, we define the wrapped Fukaya category with spectral coefficients.

Definition 6.5. Let X be a Liouville domain and R be a commutative ring spectrum.

1. The wrapped Fukaya category W(X;Q) has objects which are exact Lagrangians with vanishing
Maslov class, equipped with rank-1 local systems. The morphism spaces are chain complexes built from
Floer intersection theory.

2. The category W(X; R) has objects which are exact Lagrangians with vanishing Maslov class, equipped
with R-branes. The morphism spaces are R-module spectra constructed from Floer theory.

6.2 R-Branes and their Properties
The notion of an R-brane generalizes that of a local system. It is defined in terms of an R-orientation.

Definition 6.6. A vector bundle £ — B is R-orientable if the classifying map composed with the map to
the classifying space of the general linear group of R is null-homotopic:

B £ BO — BGL;(S) — BGLy(R).
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Example 6.7. Let R = HZ. The unit map induces a map BGL1(HZ) ~ BAut(Z) ~ B(Z/2). An HZ-
orientation is then a null-homotopy of the composite map B — BO — B(Z/2), which is equivalent to a spin
structure on the vector bundle.

Now, assume X is a Weinstein domain such that its tangent bundle is symplectically trivializable, i.e.,
TX ~ C®R"™ For a Lagrangian L c X, let GLy, : L — U/O be the classifying map of its tangent bundle
viewed in the Lagrangian Grassmannian.

Definition 6.8. An R-brane on a Lagrangian L is a choice of null-homotopy for the composite map:

LS, 14/0 2%, B%(7 x BO) — B*BGL;(S) — B*BGL;(R).

Remark 6.9.

1. The set of homotopy classes of R-branes on L is given by [L, BGL1(R)]. For specific choices of R,
this recovers the classical notion of a rank-1 local system.

2. For the Eilenberg-MacLane spectrum R = HZ, we have [L, BGL1(HZ)] = [L, B(Z/2)]. These corre-
spond to rank-1 local systems with fiber Z. and monodromy in Aut(Z) =~ Z/2.

3. Let My = {(D,0D) — (X,L) | du = 0, based} be the moduli space of based pseudo-holomorphic
disks with boundary on L. A key consistency condition in Floer theory requires the compatibility of
orientations on this moduli space with the brane structure on L, often visualized via a diagram ensuring
two maps are homotopic. The following diagram illustrates this relationship:

TMr

My, BO BGLy(R)

BottT

Qp 2°L BGLy(R

The morphism spectra in W(X; R) have several key properties.
Proposition 6.10. Let L, K be objects in W(X, R).
1. The endomorphism spectrum of L is given by HW(L,L; R) ~ L A R.

2. If L is compact, the homotopy groups of the morphism spectra are abelian groups. In particular,
m«(HW(L,L; R)) = H.(L; R).

3. Change of Coefficients: If S is a module spectrum over R, then W(X;S) ~ W(X;R) Ar S.

From here, assume R is a connective spectrum, mo(R) = K is a discrete ring, and the Hurewicz map
Hw : R — HK is the identity on mg.

Proposition 6.11. Let M, M’ be connected R-module spectra.
1. If 7o (M Ag HK) is K in degree 0 and vanishes otherwise, then M ~ R.

2. Given a map f: M — M’, if the induced map on homology 7+ (f) Ar HK is an equivalence, then f is
an equivalence.

Sketch of Proof of Main Theorem. The proof relies on showing that the natural map from the zero section
Q to a nearby Lagrangian L is an equivalence in W(T*@, R). Using the previous proposition, it suffices to
show this after applying the functor (=) A g HK. This reduces the problem to the known case of the Fukaya
category with coefficients in the ring K = my(R), where Abouzaid’s argument applies. Let F' be the fiber
of the map from the zero section to L. One shows that HW(F, F; R) ~ QQ A R and HW(F,L;R) ~ R. A
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commutative diagram involving the category’s product structure

HW(F, F) A HW(F, L) — HW(F, L)

| |

(QQ AR)ARR R
implies that the necessary structures on L are induced by a map @ — B GL;(R), which corresponds to a
rank-1 local system on ). All such systems can be realized, allowing us to build an equivalence. O
6.3 Proof

We now prove the theorem restricting Lagrangian fillings of the Legendrian unknot.

Proposition 6.12. Let L and C be two evact Lagrangian fillings of the Legendrian unknot A < 0X. It
suffices to show that the class of the glued sphere [L U C] vanishes in the spin bordism group QP(X) =

H, (X, MSpin).

Proof. The condition [L uy C] = 0 € QP™(X) implies that the sphere S = L ua C is null-bordant in
X. By the Pontryagin-Thom construction, this is equivalent to the corresponding map S™ — X being
null-homotopic after composing with the projection X — X/X,,_o. For a subcritical domain X, the space
X/X,—o is a wedge of (n — 1)-spheres. The homotopy class is detected by m, (X /X, —2), and the vanishing
of the bordism class ensures the homotopy class is trivial, implying L is homotopic to C relative to A. O

Let’s prove the application of the theorem from earlier. Recall that X is a subcritical Weinstein domain if
c1(X) =0=a(X), dimc X >4, A c ¢X the unknown with standard filling C, and L < X is an exact filling
of L (where L = D").

Proposition 6.13. It suffices to show that [L Uy C| = 0 € QP"™(X) = Hx (X, MSpin)
Proof. Tt suffices to show that L up C' =~ S™ implies that its image in X/X,,_5 is based null. We have a

sequence .
7)27 = 7, (S"71) — QPin(gn—1y =, 5P (pt) > 7,/27

which is an isomorphism by the Pontryagin-Thom construction. If X/X, o ~ S"7! the claim holds. If
X/Xp—2 ~\/S" !, then the claim holds by the Hilton-Milnor theorem. O
Let X = XuaH"™ be the Weinstein domain obtained by attaching a standard handle along A. Let L=LcX
and let C' < H™ be the core disk of the attached handle.

Proposition 6.14. In the spin bordism group of X, we have the equality of classes [L] = [C] € (Pin(X).
Proof. Take a map f : X — X such that the induced map on bordism sends f([L]) = [L us C]. We have
F([C]) = 0e Q. (B>").

The obstruction to constructing an M Spin-brane lies in cohomology. We can assume 71 (L) = 0, wy(L) = 0,
and H3(L;7Z/27) = 0. Additionally, we have

X = (subcritical handles) U T*S" — W(X, R) =~ W(T*S™, R).

In this category, L and C are nearby Lagrangians and thus L~Cin W(X , R). We conclude by considering
the map R o
HW(L, L, R) — H,(X; R) = QP (X).
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7 Rohil Prasad: High-Dimensional Families of Holomorphic Curves
and Three-Dimensional Energy Surfaces

Abstract: Let H be any smooth function on R*. Tl discuss some recent dynamical theorems for the
Hamiltonian flow on level sets of H (“energy surfaces”). The results are proved using holomorphic curves
and neck stretching. One important tool is the compactness theorem from Dan’s talk.

7.1 Basics

Let’s establish our setting. Consider the standard symplectic manifold (R?", w = St dx; A dy;). Let
H :R?" - R be a smooth function, referred to as the Hamiltonian. The associated Hamiltonian vector field,
denoted Xy, is defined by the relation dH () = w(Xg, ).

Lemma 7.1. The flow of the Hamiltonian vector field Xy preserves the Hamiltonian H.
Corollary 7.2. The flow of Xy preserves the level sets of H.
Remark 7.3. Historically, the level sets of a Hamiltonian function were termed energy surfaces.

Definition 7.4. Let s € R be a regular value of H. The level set Y, := H~'(s) is a smooth (2n — 1)-
dimensional manifold. An energy surface that arises in this way is called a reqular energy surface.

7.2 Invariant Sets

A basic question in Hamiltonian dynamics is about the structure of the flow on a given energy surface. The
central problem in this area was asked by Herman.

Problem 7.5 (Herman, ICM 1998). Let H : R?® — R be a Hamiltonian and let Y be a compact, regular
energy surface. Does Y mecessarily contain a proper, closed, X g-invariant subset?

Significant progress has been made on this problem. For the case n = 2, the question was answered in the
affirmative.

Theorem 7.6 (Fish-Hofer, 2018). For n = 2, the answer to Problem 7.5 is yes.

Prior results established the existence of closed orbits, which are the simplest type of closed invariant subsets,
under certain geometric assumptions.

Theorem 7.7 (Weinstein, Rabinowitz, Viterbo). If a compact, reqular energy surface Y is of contact type,
then it contains a closed orbit of Xp.

However, closed orbits do not always exist, motivating the search for more general invariant structures.
Theorem 7.8. Examples of compact, reqular energy surfaces Y with no closed orbits have been constructed:
e Forn = 3 by Ginzburg, Gurel, and Herman.
o Forn > 2 with a C?-smooth Hamiltonian by Ginzburg and Gurel.

Recent work provides a more complete answer to Herman’s problem, showing the existence of a family of
invariant sets.

Theorem 7.9 (Prasad, 2024; Theorem A). Let H : R*™ — R and let Y be a compact, reqular energy surface.
There exists an infinite family of distinct, proper, closed, X g-invariant subsets whose union is dense in'Y .

Let Reg.(H) denote the set of regular values s of H for which the level set H~1(s) is compact. A related
result concerns the dynamics on the quotient space after identifying a closed orbit.

Theorem 7.10 (Prasad, 2024; Theorem B). Let H : R*® — R. For almost every s € Reg.(H), the energy
surface H=1(s) has the following property: for any closed orbit A = H~1(s), the induced flow on the quotient
space H=1(s)/A is not minimal.
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Remark 7.11. The property described in Theorem 7.10 is related to the Le Calvez-Yoccoz property and
implies the dense existence of invariant sets.

7.3 Closed Orbits and Closed Holomorphic Curves
The study of closed orbits has a long history, with many results on their existence.

Theorem 7.12 (Hofer-Zehnder, 1987). Let H : R?" — R. For almost every s € Reg.(H), the energy surface
H~1(s) contains a closed orbit.

Further results provide lower bounds on the number of closed orbits.
Theorem 7.13. For any H : R*™ — R, almost every s € Reg,(H) is such that H'(s) contains at least two

closed orbits. This bound is sharp.

Proof. Consider the Hamiltonian H : R* — R given by

2 2 2 2
x|ty x5 + v
H(xz1,y1,22,92) = la L+ 2b 2,

where the ratio a/b is irrational. Each regular energy surface for this Hamiltonian is a torus on which the flow
is a linear irrational flow, and it contains exactly two closed orbits, corresponding to the circles {z3 = y2 = 0}
and {x1 =y, = 0}.

O

Under generic conditions, a much stronger statement holds in dimension four.
Theorem 7.14. Let H : R* - R. For a C®-generic set of Hamiltonians H, almost every compact, reqular

energy surface contains infinitely many closed orbits.

Sketch of Proof. The result follows from a strictly stronger version of Theorem 7.10 combined with known
results concerning the dynamics of generic Hamiltonians. O

The proofs of these modern results rely on constructing families of pseudoholomorphic curves, using tech-
niques introduced by Gromov and further developed by Taubes in the context of Seiberg-Witten theory.

Theorem 7.15 (Taubes). Let ((C]P’z,w) be the complex projective plane with its standard symplectic form.
For any compatible almost complex structure J and for any sufficiently large integer d, there exists a set
S < CP? with #S ~ d2 such that there exists a closed, J-holomorphic curve u: C — CP? satisfying:

1. S cu(0),
2. §putw =d,
3. x(C) ~ —d?, where x(C) is the Euler characteristic of the domain curve C.

7.4 Theorem A Proof Idea

The proof of Theorem 7.9 involves a neck-stretching argument applied to a sequence of holomorphic curves.
We consider a symplectic manifold constructed by gluing a long neck [—k, k] XY to a symplectic cap, modeled
on CIP’2\B4. Let this manifold be Wj. We then study a sequence of holomorphic curves ug : Cp — Wy of
degree d.

As k — o0, the sequence of curves can be analyzed by considering its limit in the neck region. This leads to
the notion of a stretched limit set.

Definition 7.16. The stretched limit set of the sequence {ug} is a subset x({ug}) < P((—1,1) x Y) x
[—1,1]. We say (E,s) € x({ur}) if there exists a sequence of points {zy} in the domains Cj and a sequence
of shifts {sx} < [—k, k] such that:
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1. The sequence of translated curves uy(-) in the neighborhood of zi,, viewed in the coordinates of the neck,
converges to a limit curve set = < (—1,1) x Y.

2. The normalized height converges: si/k — s.

Let Uq 1 be the set of degree d curves in Wj. The main result concerning the stretched limit set is the
following proposition:

Proposition 7.17. Let {u} be a sequence with uy, € Uy .

1. For almost every s € [—1,1], if (E,s) € x({ux}), then the limit set = has the structure of a trivial
cylinder = = (—=1,1) x A, where A Y is an Xg-invariant set.

2. For all but approzimately d* heights s € [—1,1], every (Z,s) € x({ux}) is such that = is e-almost
invartant, where e > 0 as d — 0.
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8 Luya Wang: Deformation Inequivalent Symplectic Structures
and Donaldson’s Four-Six Question

Abstract: Studying symplectic structures up to deformation equivalences is a fundamental question in
symplectic geometry. Donaldson asked: given two homeomorphic closed symplectic four-manifolds, are they
diffeomorphic if and only if their stabilized symplectic six-manifolds, obtained by taking products with CP!
with the standard symplectic form, are deformation equivalent? I will discuss joint work with Amanda Hirschi
on showing how deformation inequivalent symplectic forms remain deformation inequivalent when stabilized,
under certain algebraic conditions. This gives the first counterexamples to one direction of Donaldson’s “four-
six” question and the related Stabilizing Conjecture by Ruan. In the other direction, I will also discuss more
supporting evidence via Gromov-Witten invariants.

8.1 Introduction

We begin by defining the central notion of equivalence used throughout this work.

Definition 8.1. Two symplectic manifolds (X1,w1) and (X2, ws) are said to be deformation equivalent,
denoted (X1,w1) ~ (Xo,ws), if there exists a diffeomorphism ¢ : X1 — Xy such that the pullback form
p*wsy is in the same path-component as wy in the space of symplectic forms on Xy. We denote this path-
connectedness by p*we v wy.

The primary motivation for our investigation is a question posed by Donaldson, which connects the diffeo-
morphism problem in dimension four to a symplectic equivalence problem in dimension six.

Problem 8.2 (Donaldson’s Four-Six Question). Let (X{,w1) and (X3,ws) be two closed, simply-connected,
and homeomorphic symplectic four-manifolds. Is it true that X is diffeomorphic to Xo if and only if their
stabilized counterparts are deformation equivalent? That is,

(X1 x 5%, w1 ®wsta) ~ (X2 x 5%, ws @ wsta),

where S? is equipped with a standard area form wgy.

This question is related to the exotic nature of four-dimensional topology. While Freedman’s work classifies
topological four-manifolds, the classification of smooth structures remains largely open. The h-cobordism
theorem, which provides a powerful tool for classifying manifolds in higher dimensions, fails in dimension
four.

Theorem 8.3 (Wall, 1964). Two closed, simply-connected, homeomorphic 4-manifolds are h-cobordant.

Theorem 8.4 (Smale, 1962). For n = 5, if two closed, simply-connected n-manifolds are h-cobordant, then
they are diffeormorphic.

The failure of the h-cobordism theorem in dimension four leads to the existence of exotic smooth structures.
Donaldson’s question can be seen as an attempt to understand this failure through the lens of symplectic
geometry. The historical context for this problem includes:

e Ruan (1994): Provided examples of homeomorphic but not diffeomorphic Kéhler surfaces, namely

the blow-up of the complex plane at nine points, (C]P’2#9@2, and the Barlow surface.

e Ruan, Tian (1997): Formulated the Stabilizing Conjecture for simply-connected elliptic surfaces,
which is closely related to Donaldson’s question.

e Tonel, Parker (1999): Constructed exotic smooth structures on elliptic surfaces F(n) using knot
surgery techniques.

e Smith (2000): Constructed, for any integer n > 2, n distinct symplectic structures on a fixed
simply-connected four-manifold Z* that could be distinguished by their first Chern classes. This
demonstrated that Donaldson’s question cannot be simplified by replacing the six-manifold stabilization
with a product with CP?.
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This work provides a negative answer to one direction of Donaldson’s question. Specifically, we construct
examples of diffeomorphic four-manifolds with symplectic structures that become deformation inequivalent
after stabilization.

Theorem 8.5 (Hirschi, Wang, 2023). There exist infinitely many pairs of symplectic four-manifolds (X, w1)
and (X,ws) such that the underlying smooth manifold X is the same, but their stabilizations are not defor-
mation equivalent:

(X x 8% w1 Dwsta) # (X x 82, wo ®wtq)-

Conversely, we provide evidence for the other direction of the question, showing that the deformation equiv-
alence of stabilized manifolds imposes strong constraints on the Gromov-Witten invariants of the original
four-manifolds.

Theorem 8.6 (Hirschi, Wang, 2023). Let (X1,w1) and (Xa,wa) be closed, simply-connected symplectic
4-manifolds. If their stabilizations are deformation equivalent,

(Xl X SQawl @wstd) =~ (XQ X 5270.}2 @wstd)a

then the Gromov-Witten invariants of X1 and Xy are equal, i.e., GW(X;) = GW(X3).
A direct consequence relates this to Seiberg-Witten theory via the Taubes-Bryan-Pandharipande theorem.

Corollary 8.7. If (X1,w1) and (Xa,ws) satisfy the hypotheses of Theorem 8.6 and have by > 2, then their
Seiberg- Witten invariants are equal, i.e., SW(X1) = SW(X3).

Our approach to proving Theorem 8.5 relies on a new invariant derived from the first Chern class. The
invariant is the orbit of ¢1(T'X, J) under the action of the group of cohomology equivalences, where J is any
almost complex structure tamed by the symplectic form w.

8.2 Proof of Theorem 8.5

The strategy to prove Theorem 8.5 is to construct a smooth four-manifold X admitting two symplectic forms
wy and wso whose first Chern classes are inequivalent in a carefully defined sense, and then show that this
inequivalence persists after stabilization.

The key invariant is the orbit of the first Chern class under a group of automorphisms of the cohomology
ring. Let (X,w) be a symplectic manifold. We can choose an almost complex structure J tamed by w, and
consider its first Chern class ¢;(w) := 1 (T X, J) € H*(X;Z).

Definition 8.8. Let X and Y be smooth manifolds. We define Gx y to be the group of ring isomorphisms
¥ HY(X x Y;Z) - H*(X x Y;Z) that respect the product structure in the following sense: ™ must
induce an automorphism on H*(X;Z) via the map o — pry, (v*(a®1)), where pry : X x Y — X is the
projection.

The proof of Theorem 8.5 proceeds in three main steps:

1. Find a smooth four-manifold X that admits two symplectic forms, w; and wso, such that their first
Chern classes, ¢j(w1) and ¢;(ws), lie in different orbits under the action of the group of cohomology
self-equivalences of X.

2. Show that if ¢;(wy) and ¢;(wz) lie in different orbits of cohomology equivalences on X, then the
stabilized Chern classes, ¢1(w; @ wsq) and ¢ (wa @ wsta), lie in different orbits under the action of
GX,S2~

3. Show that any diffeomorphism of the product manifold X x S? induces a cohomology automorphism
that lies in the group Gx g2.

Steps (2) and (3) establish that the orbit of the stabilized first Chern class under G x g2 is a symplectic defor-
mation invariant. Step (1) then provides the necessary examples to produce counterexamples to Donaldson’s
question.
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8.2.1 Lifting Inequivalence of Chern Classes

Let’s prove the assertion in step (2). We use the Kiinneth isomorphism H*(X x S%;Z) ~ H*(X;Z)[h]/{h?),
where h is the generator of H?(S?%;Z). The first Chern class of the stabilized manifold is ¢1(w ® wsta) =
a(w)®1+1Q®cr(wsta) = c1(w) + 2h.

Proof of Step (2). Suppose, for the sake of contradiction, that there exists 1)* € G x g2 such that 1)*c; (w2 @
Wstd) = €1(w1 @ wsta). By the definition of G x g2, the action of 9* on the generator A must be of the form
*h = +h + « for some a € H*(X;Z). The condition 1*(h?) = 0 implies (+h + «)? = 0. Expanding this
gives h? + 2ah +a? = 0. Since h? = 0 and o? € H*(X), while ah € H*(X x S?) with the h-component, this
implies 2ac = 0. For integer coefficients, this means « is a 2-torsion class. Let us assume for simplicity that
*h = h + «. Then the initial assumption becomes:

c1(w1) + 2h = 9 (e1(w2) + 2h)
= ¢*c1(w2) + 2% h
= Y¥c1(w2) + 2(h + @)
= Y*c1(wa) + 2h + 2.

This simplifies to ¢1(wy) = ¥*ci(wa) + 20 Let ¢* be the automorphism on H*(X;Z) induced by *.
We have thus found an automorphism relating ¢;(w;) and ¢1(w2) up to a torsion class, which contradicts
the initial assumption that they lie in different orbits. We can also show that 1/;* is indeed a cohomology
equivalence on X, and for the examples we construct, this is sufficient to establish a contradiction. O]

8.2.2 Construction of the Counterexample

For steps (1) and (3), we rely on specific constructions. The required manifold X can be constructed using
fiber sums. Let E(1) be the rational elliptic surface. Consider the manifold Z := T*#5F(1), where the sum
is a fiber sum. Smith constructed symplectic forms on such manifolds with distinct Chern classes. For our
purposes, we can take X to be a related manifold where we can find a basis of homology classes with certain
intersection properties. Smith’s work provides a key result:

Theorem 8.9 (Smith). For certain symplectic manifolds (Z,w), the first Chern class ¢1(TZ,w) is a prime
(indivisible) class in H*(Z;7Z).

By carefully choosing the manifold and applying techniques from rational blowdowns and knot surgery, one
can construct symplectic forms w1, w2 on a single manifold X whose Chern classes lie in different orbits of the
automorphism group of H*(X;Z), satisfying step (1). A further argument shows that for these manifolds,
the condition in step (3) holds, completing the proof of Theorem 8.5.

8.3 Proof of Theorem 8.6

We now turn to the proof of Theorem 8.6, which states that the deformation equivalence of stabilized
manifolds implies the equality of Gromov-Witten invariants of the original four-manifolds.

Let (Xo,wp) and (X1, w;) be simply-connected symplectic four-manifolds. Suppose that their stabilizations
are deformation equivalent:

(Xo x 5%, wo ®wsta) =~ (X1 x S, w1 @ wsta)-

This implies there is a diffeomorphism ® : Xx.S? — X; x S? such that ®* (w;@wstq) is deformation equivalent
to wo @ wstq- The invariance of Gromov-Witten theory under deformation equivalence and diffeomorphisms
implies that for any genus g, number of markings n, and homology class B € Ha(Xo x S?;7Z),

XoxS?,wo®wstd __ X1x8%,w1@wstd
GWg,n,B = ng,n,'I'*B .

Our goal is to relate these six-dimensional invariants back to the four-dimensional invariants of Xy and X;.
This is achieved using a product formula for Gromov-Witten invariants.
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Theorem 8.10 (Hirschi-Swaminathan Product Formula). Let (X, wx) and (Y,wy) be symplectic manifolds
with H1(X;Z) and H,(Y;Z) torsion-free. Let B = (Bx,By) € Ha(X) ® Ha2(Y) = Hy(X xY). Then for

cohomology classes a; € H*(X) and 8; € H*(Y'), the following equality holds in H* (M ,; Q):

GW, XY (@ Br, . 0 ® B) = GW% (on,. o) - GW % (Br,. .., B).

g,n,Bx 9,n, By

To use this formula to extract information about GW(Xy), we need to choose classes 3; on S? such that the
corresponding Gromov-Witten invariant of S2 is non-zero.

Problem 8.11. For which parameters (g,n,d) and classes Bi, ..., B, € H*(S%;,Q) is the Gromov- Witten
2
invariant GW§7n7d(ﬂ1, .., Bn) non-zero?

Lemma 8.12. For any odd genus g, number of markings n, and degree d, if we choose all B; = 1 € H°(S?),
the point-evaluator of the invariant is non-zero. Specifically,

GWE, L(1%)([pf]) = 2°.

With this non-vanishing result, we can apply the product formula. Assume there exists a homeomorphism
¢ : Xo — X3 induced by the six-dimensional diffeomorphism ®. Let the induced map on cohomology be ¢*.
We can choose the diffeomorphism ® such that its action on cohomology is of the form ®* = ¢* ® id. Let
A€ Hy(Xy) and d € Z~o. Applying the product formula to both sides of the invariant equality gives:

CWX0 (ay,... an) - GWE, 4(1,...,1)
= GW;fonf(izzd) (1 ®1,...;0,®1)

= GWXE (@ a®1),. ., e a, ® 1))
= GWEE (@) T @1, (%) e ®1)

= GW;{;{;;;A((QZ)*)ilala EERE) (d)*)ilaﬂ) ' ng,n,d(L RS 1)
Since GW* is non-zero, we can cancel it from both sides, yielding
CWX0“o (o) o) = GWELL (%) Ly, ..., (6%) L),

g,n,A gim, P A

This establishes an isomorphism between the Gromov-Witten theories of (Xg,wp) and (Xi,w;), proving
Theorem 8.6.
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9 Thomas Massoni: Taut Foliations Through a Contact Lens

Abstract: In the late 90s, Eliashberg and Thurston established a remarkable connection between foliations
and contact structures in dimension three: any co-oriented, aspherical foliation on a closed, oriented 3-
manifold can be approximated by both positive and negative contact structures. Additionally, if the foliation
is taut then its contact approximations are tight. In this talk, I will present a converse result on constructing
taut foliations from suitable pairs of contact structures. While taut foliations are rather rigid objects, this
viewpoint reveals some degree of flexibility and offers a new perspective on the L-space conjecture.

9.1 Introduction

Let M be a closed, oriented, connected 3-manifold. Informally, a foliation F of M is a decomposition of the
manifold into a collection of disjoint, injectively immersed 2-dimensional submanifolds, known as the leaves
of the foliation. When the foliation is smooth, its tangent bundle T'F is a 2-plane field that can be expressed
locally as the kernel of a 1-form a. This plane field is integrable, a condition captured by the Frobenius
Integrability Theorem.

Theorem 9.1 (Frobenius Integrability Theorem). A smooth 2-plane field & = ker(a) is integrable (i.e.,
tangent to a foliation) if and only if the 1-form « salisfies the condition

a Ada=0.

In contrast, a plane field that is ”maximally non-integrable” gives rise to a contact structure.

Definition 9.2. A contact structure is a completely non-integrable 2-plane field €. Such a field can be
described as £ = ker(«), where the 1-form «, called a contact form, satisfies

anda+#0

at every point on M.
Locally, every contact structure is equivalent to a standard model, as described by Darboux’s Theorem.

Theorem 9.3 (Darboux). For any contact form « on a 3-manifold M, there exist local coordinates (x,vy, z)
such that « takes the form a = dz + x dy.

The theory of foliations and contact structures are linked through the study of 2-plane fields. The h-principle
from differential geometry tells us about their connection.

Theorem 9.4. Every 2-plane field on a closed 3-manifold is homotopic to an integrable plane field (i.e., one
that is tangent to a foliation).

Proof. This is a direct consequence of the h-principle for foliations. O

A similar result holds for contact structures.

Theorem 9.5 (Eliashberg). Every 2-plane field on a closed 3-manifold is homotopic to a contact structure.
Among all foliations, a particularly important class is that of taut foliations.

Definition 9.6. A co-oriented foliation F is said to be taut if it satisfies the following two conditions:

1. For every point p € M, there exists a closed loop v passing through p that is everywhere transverse to
the leaves of F.

2. There exists a closed 2-form w (a volume form for the leaves) such that w restricts to a positive area
form on each leaf, i.e., w|rr > 0.

The corresponding notion of ”well-behaved” in contact geometry is tightness.

Definition 9.7. A contact structure is called tight if it is not overtwisted. An overtwisted contact structure
is one that contains an embedded disk (an overtwisted disk) whose boundary is tangent to the contact planes.
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This leads to several existence questions in 3-manifold topology.

Problem 9.8. Which 3-manifolds M admit a taut foliation? A Reebless foliation? A tight contact structure?
A classical result provides a partial answer for manifolds with positive first Betti number.

Theorem 9.9. If the first Betti number by (M) > 0, then M admits a taut foliation.

Theorem 9.10 (Eliashberg, Thurston). If a 3-manifold M admits a taut foliation, then it also admits a
tight contact structure.

Problem 9.11. The situation is more subtle when by (M) = 0, that is, for rational homology 3-spheres
(QHS?). Which rational homology spheres admit a taut foliation?

This question is at the heart of the L-space conjecture, which connects taut foliations, Heegaard Floer
homology, and the algebraic properties of the fundamental group.

Conjecture 9.12 (L-Space Conjecture). Let M be an irreducible rational homology 3-sphere. The following
are equivalent:

1. M admits a taut foliation.
2. M is not an L-space (i.e., its reduced Heegaard Floer homology, ﬁ(M), is non-trivial).
3. The fundamental group 71 (M) is left-orderable.

Significant progress has been made on this conjecture.

Theorem 9.13 (Ozsvéth, Szabd). If an irreducible rational homology sphere M admits a co-orientable taut
foliation, then it is not an L-space. That is, (1) = (2).

However, the full conjecture remains open, and there is considerable skepticism regarding its validity in full
generality.

9.2 From Foliations to Contact Structures

The basic result connecting foliations and contact structures is the following theorem of Eliashberg and
Thurston.

Theorem 9.14 (Eliashberg, Thurston, 1998). Let F be a co-oriented, C2-smooth foliation on a closed,
oriented 3-manifold M.

1. If F has no spherical leaves, then its tangent plane field TF can be C°-approzimated by both a positive
contact structure £, and a negative contact structure £_.

2. If, in addition, F is taut, then the approzimating contact structures &, and £_ can be chosen to be
tight.

Sketch of Proof for (2). Consider the manifold [—1,1] x M. Since F is taut, there exists a closed 2-form
w on M such that its restriction to the leaves is an area form, w|rr > 0. Let « be a 1-form such that
TF = ker(a)). We can construct a 2-form on the product manifold, Q = d(ta) + w, where ¢ is the coordinate
on [—1,1]. For small perturbations, this form can be made symplectic.

The boundary of this manifold is (—M,¢_) L (M, &), where 4 are contact structures that are C-close to
TF. This setup provides a weak symplectic filling of the boundary components. By a theorem of Gromov
and Eliashberg on the properties of symplectic fillings, the contact structure £, must be tight. A similar
argument applies to £_. O

Recent advancements have extended this theorem to foliations with less regularity.

Definition 9.15. A C°-foliation with smooth leaves is a topological foliation whose leaves are smoothly
immersed submanifolds and whose tangent plane field TF is continuous.
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Theorem 9.16 (Bowden, Kazez, Roberts). The Eliashberg- Thurston approzimation theorem holds for C°-
foliations with smooth leaves.

The Eliashberg-Thurston theorem can be thought of as a procedure that transforms a suitable foliation F
into a pair of contact structures (£_,&,).

9.3 From Positive Constant Pairs to Foliations
We now explore the converse direction: constructing a foliation from a pair of contact structures.

Definition 9.17. A pair (§_,&+) is a positive contact pair if £, is a positive contact structure, £_ is a
negative contact structure, and there exists a vector field Z that is positively transverse to both £_ and &, .

Given a fixed positive contact pair (£4,¢_) and a transverse vector field Z, we can construct a foliation
under certain conditions.

Theorem 9.18 (Massoni, 2024). Let (£_-,&4) be a positive contact pair on M. Assume that either £ and
& are transverse as plane fields, or that at least one of them is tight. Then there exists a foliation F that
is transverse to the vector field Z.

Definition 9.19. A positive contact pair (§—, &) is called strongly tight if there exists a volume-preserving
vector field Z that is transverse to both & and &, .

This leads to a characterization of manifolds admitting taut foliations.

Corollary 9.20. A closed 3-manifold M (where M # S* x S?) admits a taut foliation if and only if it
admits a strongly tight contact pair.

The proof of the theorem involves constructing a limiting plane field from the contact pair.

Let X be a vector field contained in the intersection £_ n £, which vanishes precisely along the set where
the planes coincide:

A={peM|&(p)=&(p)}-

Let ¢% be the flow generated by X. Consider the family of plane fields &} = (¢%)«&+. The core of the
argument relies on the following propositions.

Proposition 9.21. Ast — oo, the plane fields &' and & converge to a common continuous plane field 7.

Proposition 9.22. The map (£—,&+) — 7 that sends a contact pair to its limiting plane field is continuous
with respect to the C° topology.

Proposition 9.23. For a generic choice of the pair (€_,&,), the resulting plane field n is integrable.

Remark 9.24. The limiting plane field n is, in general, only continuous (C°) and may not be uniquely
integrable. It is also related to a more complex object known as a branching foliation, which we will not

define.

Proposition 9.25. Assume that there is no immersed disk D — M that is tangent to n and has its boundary
0D tangent to the vector field X. Then n is tangent to a branching foliation.

Proposition 9.26. The plane field n can be approximated by integrable plane fields.

9.4 Future Directions

The idea of constructing foliations from contact pairs opens several avenues for future research. While
strongly tight pairs are difficult to construct and analyze, they motivate several interesting conjectures and
problems.

Conjecture 9.27 (Massoni). If (§_,£.) is a positive pair and both £_ and &, are tight, then M admits a
Reebless foliation.
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A central goal is to formulate an intrinsic condition on the isotopy classes of £ and &, that guarantees the
existence of a foliation.

Problem 9.28. Consider a contact pair (§—,£4) on M, not necessarily positive. Assume that:
1. Both & and &, are tight.
2. They are homotopic as 2-plane fields.
3. Their contact invariants in Heegaard Floer homology satisfy {c(£4),c(&é-)) = 1.

Does M necessarily admit a Reebless foliation?

The third condition is motivated by the following result concerning the contact invariants of Eliashberg-
Thurston approximations.

Theorem 9.29 (Lin). If F is a taut foliation and &+ are its tight contact approzimations, then the pairing
of their contact class invariants c(§4) € HF(—M) is {c(&4),c(é-)) = 1.

This machinery has applications in Dehn surgery theory.

Theorem 9.30. Let F be a taut foliation on a 3-manifold M (with M # S* x S?), and let K be a transverse,
framed knot in M. Then there exists a constant so > 0 such that for every rational number s € Q with |s| = so,
the manifold My (s) obtained by s-Dehn surgery on K admits a taut foliation. Furthermore, this foliation is
transverse to the core of the surgery torus.
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10 Kristen Hendricks: Symplectic Annular Khovanov Homology
and Knot Symmetry

Abstract: Khovanov homology is a combinatorially-defined invariant which has proved to contain a wealth
of geometric information. In 2006 Seidel and Smith introduced a candidate Lagrangian Floer analog of the
theory, which has been shown by Abouzaid and Smith to be isomorphic to the original theory over fields of
characteristic zero. The relationship between the theories is still unknown over other fields. In 2010 Seidel
and Smith showed there is a spectral sequence relating the symplectic Khovanov homology of a two-periodic
knot to the symplectic Khovanov homology of its quotient; in contrast, in 2018 Stoffregen and Zhang used
the Khovanov homotopy type to show that there is a spectral sequence from the combinatorial Khovanov
homology of a two-periodic knot to the annular Khovanov homology of its quotient. (An alternate proof
of this result was subsequently given by Borodzik, Politarczyk, and Silvero.) These results necessarily use
coeflicients in the field of two elements. This inspired investigations of Mak and Seidel into an annular version
of symplectic Khovanov homology, which they defined over characteristic zero. In this talk we introduce a
new, conceptually straightforward, formulation of symplectic annular Khovanov homology, defined over any
field. Using this theory, we show how to recover the Stoffregen-Zhang spectral sequence on the symplectic
side. We further give an analog of recent results of Lipshitz and Sarkar for the Khovanov homology of
strongly invertible knots. This is work in progress with Cheuk Yu Mak and Sriram Raghunath.

10.1 (Symplectic) Khovanov Homology

Khovanov homology assigns to a link L € S a bigraded vector space Kh(L) over a field F, whose graded
Euler characteristic is the Jones polynomial. It is connected to other invariants in low-dimensional topology,
such as Heegaard Floer homology.

Theorem 10.1 (Ozsvath-Szabd). There exists a spectral sequence from the reduced Khovanov homology of
a link L to the Heegaard Floer homology of its branched double cover:

Kh(L;F,) — HF(2(I)).
The construction of symplectic Khovanov homology is analogous to the setup of Lagrangian Floer homology.
We briefly recall the essential components of this setup.
e Let (M,w) be an exact symplectic manifold, w = d\, which is convex at infinity.

e Let Lo, L; be two exact, compact Lagrangian submanifolds satisfying A|;, = df; for some functions

e This data (M, Lo, L) gives rise to the Lagrangian Floer cochain complex CF(Lg, L1) = (F{LohL1), ),
whose homology is the Floer homology HF (Lg, L1).

To define symplectic Khovanov homology, let p(z) = [[;_,(z — k;) be a polynomial with distinct real roots.
Consider the surface S in C? defined by the equation:

S = {(u,v,2) € C* | u® + v* + p(2) = 0}.

Within the n-fold symmetric product Sym™(S), we define two totally real submanifolds ¥4 and ¥ 5. These
submanifolds are constructed from collections of “thimbles” attached to the critical points of p(z). This
construction takes place within a resolution of singularities of Sym”(S), namely a space ), which is a subset
of the Hilbert scheme of n points on S, Hilb™(S). The space ), is defined via the Hilbert—-Chow map
HC : Hilb"(S) — Sym"(S) as

Yn = HC™! ({H{(ur,v1,21), -0 (Un, Vn, 20)} | 20 = zj = (ui,v) = (ujavj)})~
The submanifolds ¥ 4, ¥ < ), are Lagrangian.

Definition 10.2. The symplectic Khovanov homology of a link L, denoted Khgy,,,(L), is defined as the
Lagrangian Floer homology of the pair (X4,%p):

Khymp(L) := HF(S 4,5 p).
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Theorem 10.3 (Abouzaid-Smith). Owver a field of characteristic zero, there is an isomorphism of bigraded
vector spaces:
Kh(L) = Khgymp(L).

The group O(2) acts on the (u, v)-plane, which induces a symplectic action on the triple (¥,,X4,%p5). The
existence of such symmetries leads to powerful results via equivariant Floer theory.

Example 10.4 (Smith, Borel). Let 7 be an involution on a topological space X, and let X¥™* denote the
fixed-point set of . We have a spectral sequence relating the homology of X to the homology of its fized-point
set. In the context of Borel homology, this takes the form:

H*(X;F2) @ F2[0,07'] = Hj )y (X;F2)
=~ H* (X" F,) @ F[0,67'],
where Hj ., (X;F2) is the Z/2Z-equivariant cohomology of X and H*(BZ/2Z;F2) = F, [6].
The terms in the spectral sequence are related as follows:
Fy[0,07 '] = H*(BZ/2Z;Fy)
and

Hz97(X;Fy) = Eatyp,7,1(Cx(X), F2)

Example 10.5 (Seidel-Smith, 2010). This principle extends to Lagrangian Floer homology. Let T be a
symplectic involution on M such that 7(L;) = L; for i = 0,1. Then there is a spectral sequence relating the
Floer homology of (M, Lo, L1) to that of the fized-point sets (MY LEx [¥Fix).

HF(M, Lo, L) ® F2[0,07'] = HF(M"™™, L{™, L¥™) @ Fo[0,07'].
An important symmetry is the intrinsic symmetry given by the involution (u,v, z) — (u, —v, z). Manolescu
studied its consequences.
Theorem 10.6 (Manolescu). The intrinsic symmetry (u,v, z) — (u, —v, 2) induces a spectral sequence:
Khgymp(L) @ F2[0,07"] — gHF(S(L)) ® Hy(S') @ F2[0,671].
An extrinsic symmetry arises when the link L itself is symmetric, for example, a two-periodic link. Let L be

a two-periodic link with quotient L. This  periodicity corresponds to an involution 7 : (u,v,2) = (u,v,—2)
on the surface S. The quotient surface is S = S/7.

Theorem 10.7. The involution T on S induces an involution on Hilb"™(S) and Sym"(S), and the spaces
for the quotient link L embed into the fized-point sets. This relationship is summarized by the following
commutative diagram:

Hilb"/?(5) —— Hilb"™(S)"
HC HC
Sym"™?(S) e« Sym™(S)"

Theorem 10.8 (Seidel-Smith). For a two-periodic link L with quotient L, there is a spectral sequence:
Khgymp(L) @ Fo[0,07'] = Khyym,(L) @F2[60,071].

This result has a combinatorial counterpart involving annular Khovanov homology.

Theorem 10.9 (Stoffregen-Zhang, 2018; Borodzik-Politarczyk-Silvero). For a two-periodic link L with quo-
tient L, there is a spectral sequence:

Kh(L) ® F2[0,07'] — AKh(L) ® F1[0,67].
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10.2 Annular (Symplectic) Khovanov Homology

Annular Khovanov homology, AKh(L), is a refinement of Khovanov homology for links in the solid torus,
introduced by Asaeda, Przytycki, and Sikora, and further developed by Roberts. It can be understood as the
associated graded object of a filtration on the Khovanov complex. Mak and Seidel later defined a symplectic
version over characteristic zero.

Theorem 10.10 (Mak-Seidel, 2019). Over a field of characteristic zero, there is an isomorphism

AKWZH (1) ~ AKh(L),

symp
where Ath;fw 18 defined using Hochschild homology.
We present a new, more direct definition of symplectic annular Khovanov homology, AKhgy,,. This theory
is constructed by replacing the ambient space Hilb"(S) with Hilb"(S\D), where D is a divisor over z = 0.
This geometric modification corresponds to working with an annulus instead of a disk.

Theorem 10.11 (Hendricks-Mak-Raghunath). The resulting homology theory, AKhgymy (L), is an invariant
of the link L.

Conjecture 10.12. Qwver a field of characteristic zero, this newly defined AKhgy,,,(L) s isomorphic to the
Hochschild homology version AKhsymp(L)

This new framework allows us to analyze the effect of symmetries in the annular setting.

e For the intrinsic symmetry (u,v, z) — (u, —v, z), we obtain a spectral sequence

AKhgymp(L) ® F2[0,07'] = CFK(S(mL), A) ® Hy(S') @ F4[6,671].

e For the extrinsic symmetry (u, v, z) — (u,v,—2z) of a two-periodic link, we obtain
AKhgymp (L) @ Fo[0,07] = AKhgymp(L) @ Fo[0,071].

This provides a symplectic analogue of the Stoffregen—Zhang spectral sequence.

e For a strongly invertible link, with symmetry (u,v,z) — (—u,—v,—z), we consider the induced ac-
tion on the original (non-annular) symplectic Khovanov homology. The fixed-point set of the action
{(u,v, 2), (—u, —v, —2)} relates to the annular theory for the quotient. This yields a spectral sequence

Kheymp(L) @ F2[0,07'] = AKhgym, (L) @ F2[6,071].

10.3 Summary of Results

We can summarize the results in the following table:

Table 1: Symmetries and Induced Spectral Sequences

Action on (u,v,z) Spectral Sequence Consequence Combinatorial Analog

(u, —v, 2) Khgymp(L) to gHF( (mL)) Ozsvath-Szabo

(u,v, — z) Khgymp(L) to Kheymp ( ) None

(u, —v, z) AKhgymp (L) to HF (Z(mL), A) Roberts

(u,v,—2) AKhgymp (L) to AKhgymyp (L) Zhang

(—u, —v, —2) Khgymp(L) to AKhgymp (L) Szab6-Ozsvath; Borodzik-Politarczyk-Silvero
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11 Vardan Oganesyan: How to Construct Symplectic Homotopy
Theory

Abstract: In 1968 Dold and Thom proved that singular homology groups of X are isomorphic to homotopy
groups of infinite symmetric product of X. In 1990-2000 Morel, Suslin, and Voevodsky used a similar definition
to define motivic cohomology groups of algebraic varieties. Moreover, they defined homotopy theory for
algebraic varieties. Motivated by these results, we construct homotopy theory for symplectic manifolds. In
particular, we define some new homology groups for symplectic manifolds and prove that these homology
groups have all required properties. We will not discuss details, but we will show that these new homology
groups appear in a very natural way. If time permits, we will also discuss some possible applications.

11.1 Introduction to the Dold-Thom Construction

Let (X, e) be a pointed topological space. The n-th symmetric product of X, denoted SP™(X), is defined as
the quotient space
SP"(X) = X"/S,,

where S,, is the symmetric group on n letters acting by permutation of coordinates.
We can define a sequence of inclusions by stabilizing with the basepoint e € X:
SP™(X) < SP"*(X)
given by the map {pi1,...,pn} — {P1,...,Dn,e}. This yields a filtration
SPY(X) <> SPY(X) <> --- <> SP™(X) — ...
where SP’(X) is a point corresponding to the empty set.
Definition 11.1. The infinite symmetric product of X is the direct limit of this sequence:

SP(X) = [ J SP™(X).

n=0

The space SP(X) is an abelian semigroup with the operation given by the union of finite sets:

{p17""pn}+{q17"'7Qk} = {pl?"'7p7l7q1""7qk}'

An element in SP(X) can be viewed as a formal finite sum of points in X.

Let A™ be the standard topological n-simplex. The set of continuous maps Map(A™, SP(X)) forms a semi-
group. We can turn this into an abelian group via the Grothendieck group construction, which we denote
by Cp(X):

C,(X) = Map(A™,SP(X))*.

The elements of C,,(X) are formal differences of maps f — g. The collection of these groups forms a chain
complex Cy(X) with a boundary operator d : C,,(X) — C,_1(X) defined by the alternating sum of face
maps 0 : Cp(X) - Cp_1(X):

d= (=1%o,
k=0

where 0y is induced by pre-composition with the standard inclusion of the k-th face A"~! «» A", It is a
standard result that this operator satisfies d> = 0.
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11.2 The Dold-Thom Theorems

The homology of the chain complex constructed above recovers the singular homology of the original space.
This remarkable result is the content of the Dold-Thom theorem.

Theorem 11.2 (Dold, Thom, 1968). The homology groups of the chain complex (Cy(X),d) are naturally
isomorphic to the singular homology groups of X with integer coefficients. Furthermore, these homology
groups are the homotopy groups of the infinite symmetric product space:

Hy(Cy(X), d) = ma(SP(X)) = H™(X;2).

This framework was adapted by Morel, Suslin, and Voevodsky to the setting of algebraic geometry to define
motivic cohomology.

Theorem 11.3 (Voevodsky, Suslin, Morel, 1990s). Let X be a smooth algebraic variety over a field. Let
A7, be the algebraic n-simplex, defined as {(z0,...,2n) € AL Nz = 1}, Consider the abelian group of
algebraic maps

CH9(X) = Map (A%, SP(X))*.

The homology of the resulting algebraic chain complex (C’:,flg(X),d) defines the Suslin homology of X,

denoted HZ"(X).
Remark 11.4. The Suslin homology groups can contain rich geometric information. For example:

H5(T?) = 7 x T?
H{"™(E,) = Z x Jac(Xy)

where T? is the two-torus and Yg is a compact Riemann surface of genus g, with Jac(Xy) its Jacobian variety.

11.3 A Framework for Symplectic Homotopy Theory

We aim to construct a similar theory for symplectic manifolds. A key step is to define the appropriate
category and the corresponding notion of "maps” into the symmetric product.

11.3.1 Categories and Sheaves

Let X be a symplectic manifold. Similar to the algebraic case, for an open set U in a variety Y, we can
consider the set of maps from U into SP(X) to define a presheaf. Sheafification then yields a sheaf on Y.

U CuU,X)
To adapt this to the symplectic setting, we must define an appropriate category of maps. We consider several
possibilities:
1. Morphisms are symplectic embeddings.
2. Morphisms are generalized Lagrangian correspondences.
3. Morphisms are J-holomorphic maps.

The second option, involving Lagrangian correspondences, appears to be the most powerful but is also the
most technically challenging.

Problem 11.5. What is the symplectic analogue of the simplex A™? What is the correct notion of a map
from a symplectic manifold Y to SP(X)?

To address this, we introduce the notion of a symplectic correspondence. Let (Y,wy) and (X,wx) be
symplectic manifolds. A symplectic correspondence from an open set Y € Y to SP"(X) is a symplectic
embedding U — X"/S,. A more concrete description involves a collection of maps {f1,..., fn} from U to
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X satisfying a certain condition on the symplectic forms. For instance, we can consider unordered n-tuples
of maps f; : Y — X such that

n

Z f i*WX = wy-

i=1
This defines a presheaf. After sheafification, the global sections form a set we denote SCor, (Y, X). This set
is our analogue of Map(Y,SP"(X)).

To construct a group structure, we introduce isotropic correspondences. An isotropic correspondence
U — X* is a map whose graph is an isotropic submanifold. We denote the set of such correspondences by
ICor (Y, X).

Definition 11.6. Let Fy € SCor, (Y, X) and Fs € SCor,4 (Y, X). We say Fy and Fy are equivalent, denoted
Fy ~ Fy, if there exists an isotropic correspondence G € 1Cor; (Y, X) such that F» = F1 + G.

This equivalence relation allows us to define the space of symplectic correspondences as
SCor(Y, X) = <|_| scorn(xX)) /~,
n=0

which is the desired symplectic analogue of Map(Y, SP(X)).

11.3.2 A Symplectic Chain Complex

Fix a symplectic manifold M with two disjoint Lagrangian submanifolds pg and p;, which we will call a
"segment.” An example is M = T*[0,1]. We define the n-chains from Y to X as

SC,(Y,X) = SCor(Y x M", X).

Face maps k. : SC,, (Y, X) — SC,,—1(Y, X) are defined by restriction to the faces Y x MkE-1 {pe} x Mn—k
for e € {0,1} and k = 1,...,n. The boundary operator is the alternating sum of these face maps:

d=
k

(=1)F(0p1 — ko)
=1
One can verify that d% = 0.

Definition 11.7. The homology of this chain complex defines the embedded homology groups, denoted
EH, (Y, X).
H(SC4(Y, X); d) = EH, (Y, X).

It can be shown that any standard symplectic embedding from Y to X defines a non-trivial class in
SCor(Y, X). For example, if Y is contractible, then SCor(Y, X) is non-empty.

11.4 Properties and Applications
11.4.1 Homotopy Invariance

The notion of homotopy translates naturally into this framework. Let M be our segment with boundaries
Po,DP1-

Definition 11.8. Two correspondences Fy, Fy € SCor(Y, X) are M-homotopic if there exists a correspon-
dence H € SCor(Y x M, X) such that

H‘YX{;DQ} = FO and H|y><{p1} = Fl.

This definition leads to the expected properties for the resulting homology theory.
Proposition 11.9. The embedded homology groups EH, (Y, X) have the following properties:
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M -homotopy is an equivalence relation on SCor(Y, X).
If ¢ 1 Y — Y is a Hamiltonian isotopy, then the induced correspondences ¢ and ¢F are M-homotopic.

The assignment (Y, X) — EH, (Y, X) is functorial with respect to composition of correspondences.

T o~

The groups EH, (Y, X) are homotopy invariant in the sense that if F : Y — X and G: Y' — X are
homotopic correspondences, they induce the same map on homology.

5. The theory admits long exact sequences, analogous to those in singular homology.

11.4.2 Triangulated Persistence Categories and Further Directions

The category whose objects are symplectic manifolds and whose morphisms are Mor(Y, X) = SCor(Y, X)
forms an additive category. Following ideas of Biran, Cornea, and Zhang, one can construct a triangulated
persistence category on chain complexes over this category.

A variant of this theory can be defined using J-holomorphic curves, leading to groups we denote JH, (Y, X).
This connects our construction to enumerative symplectic geometry.

Theorem 11.10. Let M = CP'\{0,0}. If X is a Kihler manifold such that JHo(pt, X) = 0, then X is a
projective algebraic variety.
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12 Daniel Pomerleano: Homological Mirror Symmetry for Batyrev
Mirror Pairs

Abstract: I will survey a recent proof of a version of Kontsevich’s homological mirror symmetry conjecture
for a large class of mirror pairs of Calabi-Yau hypersurfaces in toric varieties. These mirror pairs were
constructed by Batyrev from dual reflexive polytopes. The theorem holds in characteristic zero and in all
but finitely many positive characteristics. This is joint work with Ganatra, Hanlon, Hicks, and Sheridan.

12.1 Introduction and Setup

We begin by establishing the geometric setting. Let K be a field. We fix a lattice M =~ Z™ of rank n > 4,
and let Mg := M ®z R be the associated real vector space. Let A ¢ Mg be a reflexive polytope. The dual
polytope is denoted A* < M, where M is the dual vector space.

From this data, we construct two fans:

1. Let ¥ < M be the fan whose one-dimensional cones (rays) are generated by the vertices of A*. This
is the normal fan of the polytope A.

2. Let ¥* < Mg be the fan whose rays are generated by the vertices of A. This is the normal fan of A*.

These fans give rise to toric varieties ¥ := Y5 and Y* := Yy«, respectively. Throughout, we make the
following assumptions:

e The fan ¥* is smooth, which implies that the toric variety Y* is smooth.

o Let P := A* n M* denote the set of integer lattice points in the dual polytope A*. Let P’ — P be
the subset of lattice points which lie on a face of codimension > 2.

12.1.1 The B-Side: Complex Geometry

The B-side of the mirror correspondence is constructed from the smooth toric variety Y*. Let Laosx — Y'*
be the line bundle associated with the polytope A*. We define a family of hypersurfaces within Y* using a
superpotential W,..

Let Ag := {Z:io a; T | a; € K,b; € R lim; o b; = oo} be the Novikov ring over the field K. The superpo-
tential is a section of Lax given by
W, =2+ Z rpz?,
peP
where the coefficients (r,),cp are elements of A¥.. The Calabi-Yau hypersurface on the B-side is the zero

locus of this section:
X ={W,=0}cY™

The derived category of coherent sheaves on this hypersurface, D*Coh(X*), is the categorical object of
interest on the B-side.

12.1.2 The A-Side: Symplectic Geometry

On the A-side, we start with the toric variety Y = Y5, which is not assumed to be smooth. Let A := An M
be the set of integer lattice points in A. The global sections of the line bundle LA over Y include monomials
z® for each a € A.

We consider a family of hypersurfaces in Y defined by the equation
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where t is a parameter. To obtain a smooth model, we take a refinement ¥ of the fan ¥ such that the
corresponding toric variety Y := Yy is smooth away from a subset of high codimension. The A-side Calabi-
Yau manifold, X;, is the proper transform of X; in Y.

The symplectic geometry of X, is determined by a Ké&hler class [w] on Y, which we restrict to X;. We
consider Kéhler classes of the form

[wl= ) &PD(D}]), 4R,

peP

where DZ are the toric divisors of Y corresponding to the rays of ¥, and PD(-) denotes the Poincaré dual.

The categorical object on the A-side is a variant of the Fukaya category, denoted Fuk(Xy, D;A), where
D = Upep(Xy D;f ) is the toric boundary divisor in X;. The objects of this category are compact exact
Lagrangian submanifolds in the complement X;\D. The Floer cochains are defined over the Novikov ring A,
where holomorphic disks u with boundary on a Lagrangian are weighted by the factor T2 (4 D),

12.2 Main Result

We can now state the main theorem, which establishes an equivalence between the A-side and B-side cate-
gories.

Theorem 12.1. Suppose that the toric divisors D, are connected. Away from a finite set of “bad” charac-
teristics for the field K, there exist coefficients b(A) = (b(A),)pep € AT with val(b(A),) = £, for each p € P,
and an equivalence of triangulated categories:

Fuk(X;, D; A) = D" Coh(X},))-

Remark 12.2. In characteristic 0, Homological Mirror Symmetry is known to imply Givental’s Hodge-
theoretic mirror symmetry, which relates the Gromov-Witten invariants of X to the period integrals of the
mirror family X*.

This result naturally leads to the following question concerning the implications of HMS in positive charac-
teristic.

Problem 12.3. Is there an analogue of the Gromouv-Witten implications of Homological Mirror Symmetry
when working over a field of positive characteristic?

12.3 Strategy of Proof

The proof strategy builds upon the groundbreaking work of Seidel (in the case of the quartic surface in P?3)
and proceeds in two main steps:

1. Open Equivalence: Establish an equivalence Fuk(X;\D) =~ D*Coh(dY*), where 0Y* is the toric
boundary divisor in Y* cut out by the coordinate z°.

2. Deformation Theory: Employ a deformation theory argument to extend the equivalence from the
open subvarieties to the compact Calabi-Yau hypersurfaces X; and X ;‘( A

The remainder of this discussion will focus on the key ideas behind Step 1.

Let H := X;\D < (C*)". The central object of study is the wrapped Fukaya category W(H), which
allows for certain non-compact Lagrangians. This category relates to the wrapped Fukaya category of the
ambient torus, W((C*)™, H). An important result by Gammage and Shende provides the toric part of the
correspondence.
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Theorem 12.4 (Gammage, Shende). There are equivalences of categories, indicated by the following dia-
gram:

WH) = D’Coh(dY*)

W(C)", H) Db Coh(Y*)

Further insight comes from a result of Abouzaid for toric varieties, which connects a ”tropical” Fukaya
category to the derived category of the Picard group.
Furop((C*)", H) = Pic™(Y¥)

These equivalences can be assembled into a larger commutative diagram that illustrates the interplay between
the different categorical constructions.

Theorem 12.5. The following diagram of categories and functors commutes:

W(H) g5 s DCoh(OY ™)

CX
c with the fiber

W((Cx)n,H) KGPS

f}

Db Coh(Y™™)

Firop ((C)", H)

itsS

Pic9(y )

A key tool that was unavailable in the original work of Seidel and Sheridan, is the isomorphism between
Symplectic Cohomology and Hochschild Cohomology provided by the closed-open string map:

CO : SH*(X,\D) = HH* (W(X,\D)) —= HH* (Fuk(X,\D)).

This is particularly powerful because the Symplectic Cohomology group SH* (X;\D) can be computed directly
from the topology of the pair (Xy, D).
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13 John Pardon: Derived Moduli Spaces of Pseudo-Holomorphic
Curves

Abstract: We will present the derived representability approach to working with moduli spaces of pseudo-
holomorphic curves.

13.1 Introduction

We are interested in the properties and structures of moduli spaces of solutions to elliptic partial differential
equations, which in turn lead to the definition of enumerative invariants. These properties can be broadly
categorized as follows:

1. Global Topological Property: Compactness of the moduli space, as established by Uhlenbeck and
Gromov.

2. Local Structure: Regularity of the moduli space. This property can be understood in two different,
though related, ways:

(a) Classical Regularity: The moduli space M is locally isomorphic to R™ (or, more generally,
spaces like R x RZ;). Achieving classical regularity typically requires transversality, which is
often established by choosing ”generic” data for the partial differential equation.

(b) Derived Regularity: The moduli space M is locally isomorphic to the zero set of a smooth
function on R™ (or a similar space). Derived regularity holds in much wider generality. However,
describing the precise structure on M that encodes such a chart is technically demanding, as seen
in the work of Fukaya, Ono, Oh, Ohta, Li, Tian, Ruan, Seibert, and others.

Our primary goal is to associate a well-behaved moduli space with every relevant moduli problem, from
which an enumerative invariant can be extracted. We will focus on the construction of the moduli space
itself.

Problem 13.1. Why is the notion of derived regularity significantly more complicated than its classical
counterpart?

The essential answer is that derived regularity is fundamentally a homological or ”derived” structure, not
simply a set-theoretic one.

Example 13.2. Consider a proper submersion (Q — B, and let E, F be vector bundles over (). Let L :
C*®(Q,E) > C*(Q, F) be a vertical elliptic operator. We are interested in the pushforward w,L, which is a
2-term complex of vector bundles on B. The cohomology of this complex at a point b € B is given by ker Ly
and cokerLy,, where Ly is the restriction of L to the fiber Q.

This pushforward 74 L is unique up to a contractible choice in the 2-category of 2-term vector bundles on B. A

contractible choice relates two complexes (V 4, W) and (V' 4, W') via maps f,g:V > V', f,.g: W > W/,
and a homotopy h : W — V' such that d'h + hd = f — g. This relationship is illustrated by the following
diagram:

Vv —<4 W

L b b
\% /—>d, w’

To formalize this, we work within the framework of derived algebraic geometry. Let Sm be the category
of smooth manifolds. We introduce DSm, the co-category of derived smooth manifolds. There is a functor
Sm — DSm that freely adjoints finite limits while preserving finite products.

Concretely, a derived smooth manifold can be thought of as a formal symbol limg p for some finite diagram
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p: K — Sm. For instance, the derived intersection of y = 22 and y = 0 in R is given by the limit:

R

lim woz? | € DSm

+ —0 4R
Furthermore, the mapping space between two derived smooth manifolds is given by:

HomDsm(liIr(np, liin q) = sheafification on liIr(n Ip| (liin colimg, Homg,, (pa, q))

Example 13.3. Let 7 be the derived point defined in the example above:

R

T :=lim R

B
A map from T to a smooth manifold M € Sm corresponds to a point p € M together with a tangent vector
vel,M.

Remark 13.4. The category of topological manifolds is a full subcategory of the co-category of derived
topological spaces, D(Topological Manifolds) < D(Top).

Crucially, every derived smooth manifold X € DSm has an associated tangent complex T X € Perf>0(X ),
which is a perfect complex of quasi-coherent sheaves on X concentrated in non-negative degrees.

13.2 Representability

We can now define families of pseudo-holomorphic curves in the derived setting.

Definition 13.5. Let C be a Riemann surface and (X,J) be an almost complex manifold. A family of
1-holomorphic maps from C to X parameterized by a derived smooth manifold Z is a map u: Z x C — X
together with an isomorphism between the zero section and the anti-holomorphic derivative of u:

(Dew)®': Z x C - TX ®c T*C
This isomorphism must hold in the appropriate derived sense.

The central result is that the moduli problem for such maps is representable in the category of derived
smooth manifolds.

Theorem 13.6 (Pardon, Steffens). There exists a derived smooth manifold Hol(C, X) and a natural bijection
for any Z € DSm:

{Maps Z — Hol(C,X)} = {Families of v-holomorphic maps C — X parameterized by Z} .

Remark 13.7. For a classical ¥ -holomorphic map u : C — X, which corresponds to a point in the underlying
classical space of Hol(C, X), we have a canonical isomorphism for the cohomology of the tangent complex:

ker D,, k=0

H*(T,Hol(C, X)) =
cokerD, k=1

where D,, is the linearized Cauchy-Riemann operator:

D, : C*(C,u*TX) - C*(C,u*TX ®c T*C)
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Example 13.8. If cokerD, = 0 for a map u, then the tangent complex T,,Hol(C,X) has cohomology
supported only in degree 0. This implies that Hol(C, X) is a smooth manifold in a neighborhood of u. The
existence of this derived moduli space allows one to define enumerative invariants via a map L from the
classical bordism ring to the derived bordism ring:

{Compact smooth mfds — A}/bordism = 04 (4)
[ |
{Compact derived smooth mfds — A}/bordism = Qder(A) 3 [Hol(C, X)]

The proof of the representability theorem relies on the following key proposition, which allows one to extend
maps from derived parameter spaces to classical ones.

Proposition 13.9. For any Z € DSm and any map u : Z x C — X (not necessarily v-holomorphic), there
exists a map from Z to a smooth manifold @ and an isomorphism u = v|z, where v: Q x C — X is a map
from a classical parameter space.

This type of result has applications beyond the theory of pseudo-holomorphic curves. For instance, it can
be used to extend classical results about stacks to the derived setting.

Theorem 13.10 (Zung). If X is a smooth stack with a submersive atlas and a proper diagonal, then X is
locally isomorphic to a quotient stack [M/G], where G is a compact Lie group acting on a manifold M.

Using the proposition above, one can show that the same local structure theorem holds for any derived
smooth stack.
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